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Abstract
We prove that the category of abelian gerbes with connection over a smooth
manifold is equivalent to a certain category of principal bundles over the free loop
space. These bundles are equipped with a connection and with a “fusion” product
with respect to triples of paths. The equivalence is established by explicit functors in
both directions: transgression and regression. We describe applications to geometric
lifting problems and loop group extensions.
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Introduction
This series of papers is about a geometric version of transgression to loop spaces: it
relates geometry over a smooth manifold M to geometry over its free loop space LM .
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In terms of the underlying topology, transgression covers the homomorphism
Hk(M,Z) // Hk−1(LM,Z)
obtained by pullback along the evaluation map ev : LM × S1 // M followed by
integration over the fibre. Part I [Wal] is concerned with the case k = 2: there we derive
bijections between bundles over M and certain “fusion maps” on LM , both in a setup
with and without connections. In the present Part II we look at the case k = 3 in a
setup with connections. It is written in a self-contained way – contents taken from Part
I are either reviewed or explicitly referenced. Part III [Wal12] treats the case k = 3 in a
setup without connections.
Thus, in this article we want to relate gerbes with connection over M to bundles
with connection over LM . Such a relationship has first been studied by Brylinski
and McLaughlin [Bry93, BM94]. They define transgression as a functor which takes
a “Dixmier-Douady sheaf of groupoids with connective structure and curving” over M
(one version of a gerbe with connection) to a hermitian line bundle over LM . Brylinski
and McLaughlin observed that the bundles in the image of transgression come equipped
with the following additional structure:
(i) A metric connection.
(ii) A product with respect to loop composition. For two loops τ1 and τ2 based at the
same point and smoothly composable to a third loop τ1 ⋆ τ2, this product provides
fibre-wise linear maps
λ : Pτ1 ⊗ Pτ2 // Pτ1 ⋆τ2
that are compatible with the homotopy associativity of loop composition. 1
(iii) An equivariant structure with respect to the action of orientation-preserving dif-
feomorphisms of S1 on LM .
Unfortunately, it remained unclear whether or not this list is complete, i.e. if it charac-
terizes those line bundles over LM that can be obtained by transgression.
The purpose of this article is to provide a complete solution to this problem. We
give a variation of the above additional structure, which is carefully chosen exactly
such that transgression becomes an equivalence of categories. In other words, we give a
complete loop space formulation of the geometry of gerbes with connection. The precise
1Apart from the claim that this product exists, I was unable to find its definition in the literature.
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formulation of this result is given in Section 1. The following list outlines the difference
between ours and Brylinski’s and McLaughlin’s characterization.
(i) Not every connection is allowed: its holonomy around loops in LM is subject to
extra conditions related to the rank of the associated torus in M .
(ii) The product is defined with respect to paths instead of loops: if (γ1, γ2, γ3) is a
triple of paths inM with a common initial point and a common end point, and each
path is smoothly composable with the inverse of each other, the product consists
of fibre-wise linear maps
λ : P γ2 ⋆γ1 ⊗ P γ3 ⋆γ2
// P γ3 ⋆γ1 .
These maps are required to be strictly associative for quadruples of paths.
(iii) The equivariant structure is no additional structure at all. We will show that it is
already determined by the connection (i).
(iv) Additionally, we discover a subtle, new compatibility condition between the con-
nection (i) and the product (ii) related to loop rotation by an angle of π.
The main theorem of this article states that the category of abelian gerbes with connection
over M is equivalent to the category formed by bundles over LM equipped with the
structures (i) and (ii) subject to the condition (iv). The equivalence is established by
explicit functors in both directions: transgression and regression. Our transgression
functor is essentially the one of Brylinski and McLaughlin, while our regression functor
is a novelty: it performs the construction of a gerbe with connection over M from a
given bundle over LM .
A major role in the derivation of our results is played by generalized manifolds, more
precisely: diffeological spaces. In particular, we will use a reformulation of differential
forms in terms of smooth maps on certain diffeological spaces as an essential tool in
the definition of regression. This reformulation has been developed in joint work with
Schreiber [SW09, SW11]. Further, it turns out that Murray’s bundle gerbes [Mur96] are
a convenient model for abelian gerbes in the context of this article. Nonetheless, the
choice of bundle gerbes is a purely technical issue. Many other models of abelian gerbes
are equivalent to bundle gerbes, for example the Dixmier-Douady sheaves of groupoids
used by Brylinski and McLaughlin [Bry93], Deligne cocycles, and BC×-bundles [Gaj96].
Via such equivalences, our results apply to each of these models.
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We describe two applications of our results, corresponding to two natural examples of
bundle gerbes: lifting gerbes [Bry93, Mur96], and gerbes over Lie groups [GR02, Mei02,
GR03]. In the case of lifting gerbes, our results provide a complete loop space formulation
for geometric lifting problems. In particular, it clarifies the relationship between spin
structures on an oriented Riemannian manifold and orientations of its loop space, which
appears in classical results of Atiyah and Witten, see [Ati85]. In the case of gerbes over
a Lie group G, our results identify a new and interesting subclass of central extensions
of the loop group LG, namely exactly those which lie in the image of transgression.
These central extensions can hence be studied with finite-dimensional methods on the
group G. One line of future research could be to relate the fusion product that we
have discovered on these central extensions to the tensor product of positive energy
representations (also called “fusion”). Such a relationship could lead to a new, finite-
dimensional understanding of the Verlinde algebra. A third application that could be
addressed in the future concerns the index gerbe of Lott [Lot] whose transgression is
related to certain determinant bundles over the loop space [Bun02]. According to the
results of the present article, these bundles carry so far unrecognized additional structure:
fusion products and a particular kind of connections.
Acknowledgements. I gratefully acknowledge a Feodor-Lynen scholarship, granted
by the Alexander von Humboldt Foundation. I thank Martin Olbermann and Peter
Teichner for many exciting discussions.
1 Results of this Article
1.1 Main Theorem
Let M be a connected smooth manifold and let A be an abelian Lie group, which may
be discrete and may be non-compact. We work with principal A-bundles, which reduce
to the hermitian line bundles from the introduction upon setting A = U(1).
We use the theory of diffeological spaces [KM97, IZ, BH11]. Principal bundles and
connections over diffeological spaces have been introduced and studied in Part I [Wal].
For the purpose of this section, it will be enough to accept that diffeological spaces
are like smooth manifolds – there are just more of them. Examples are the free loop
space LM := C∞(S1,M) and the path space PM . The diffeology on the loop space is
equivalent to the Fre´chet manifold structure [Wal, Lemma A.1.7], but more convenient
– 5 –
to use. Concerning path spaces, we demand that all paths have “sitting instants”, so
that paths with a common endpoint are always smoothly composable. Spaces of paths
with sitting instants do not have a “good” Fre´chet manifold structure, but are nice
diffeological spaces. Ultimately, we will use diffeological spaces of thin homotopy classes
of paths and loops; such spaces are by no means manifolds.
Let us start by looking at the category of bundles over LM that we want to consider;
a detailed discussion is the content of Section 2. We denote by PM [k] the diffeological
space of k-tuples of paths in M with a common initial point and a common endpoint.
We introduce a fusion product on a principal A-bundle P over LM as a smooth bundle
isomorphism
λ : e∗12P ⊗ e
∗
23P // e
∗
13P
over PM [3]. Here, eij : PM
[3] // LM is the ij-projection to PM [2] followed by the
map l : PM [2] // LM which takes a pair (γ1, γ2) to the loop γ2 ⋆ γ1. A fusion product
is required to satisfy a strict associativity condition over PM [4]. A principal A-bundle
P with a fusion product λ will be called fusion bundle (Definition 2.1.3).
Next we add connections. There are two conditions we impose for connections on a
fusion bundle (P, λ). The first is the obvious one: we call a connection on P compatible
with λ, if λ is a connection-preserving bundle morphism. The second is the subtle
condition mentioned in the introduction under (iv). A complete definition has to be
deferred (Definition 2.1.5). Roughly, we observe that the spaces PM [k] have an involution
which inverts the paths and permutes their order. The map l exchanges this involution
with the loop rotation by an angle of π. Regarding these rotations as paths in LM ,
the parallel transport of the connection on P lifts them to the total space P . Now,
the connection symmetrizes the fusion product λ if switching the factors in the fusion
product commutes with these lifts.
Finally, we introduce the notion of a superficial connection (Definition 2.2.1), impos-
ing the conditions mentioned in the introduction under (i). It applies only to connections
on bundles over loop spaces, but in general without respect to a fusion product. The idea
is that the holonomy of a superficial connection around a loop S1 // LM should have
two features of a “surface holonomy”2 around the associated torus φ : S1 × S1 // M .
The first feature is that the holonomy vanishes whenever φ is a rank one map. The
second feature is that the holonomy does not depend on the rank-two homotopy class of
φ. In that sense, superficial connections are a precise manifestation of what Segal calls
2The german word for “superficial” (“oberfla¨chlich”) is – literally – “surface-like”.
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a “string connection” [Seg01].
Definition A. A fusion bundle with superficial connection over LM is a principal A-
bundle over LM with a fusion product and a compatible, symmetrizing, and superficial
connection.
Fusion bundles with superficial connection form a monoidal category that we denote
by FusBun∇A
sf(LM). The morphisms in this category are bundle morphisms that preserve
the connections and the fusion products.
On the side of the geometry over M , we consider a monoidal 2-category DiffGrbA(M)
modelling A-banded gerbes over M . Its objects are diffeological A-bundle gerbes: they
are very similar to the C×-bundle gerbes introduced by Murray [Mur96], but we allow
C
× to be replaced by A, and we allow them to live internal to diffeological spaces
instead of smooth manifolds. The latter generalization is purely technical: the inclusion
of smooth A-bundle gerbes into diffeological A-bundle gerbes is an equivalence of 2-
categories. The same comments apply to the 2-category DiffGrb∇A(M) of diffeological
A-bundle gerbes with connection. A detailed exposition of diffeological A-bundle gerbes
is given in Section 3.
In order to compare 2-categories of diffeological bundle gerbes over M and 1-
categories of fusion bundles over LM , we downgrade the 2-categories to categories with
morphisms the 2-isomorphism-classes of the former 1-morphisms. This downgrading is
below indicated by the symbol h1. Transgression is then a monoidal functor
h1DiffGrb
∇
A(M)
T ∇ // FusBun∇A
sf(LM).
Its definition is based on the one given by Brylinski and McLaughlin. In Section 4 we
explain in detail that the resulting principal A-bundles over LM are fusion bundles with
superficial connection in the sense of Definition A.
Opposed to transgression, its inverse functor – which we call regression – is completely
new. The reason is that it is only well-defined on the “correct” category of bundles over
LM , namely the category FusBun∇A
sf(LM) we introduce in this article. Regression
depends on the choice of a base point x ∈ M , and is a monoidal functor
h1DiffGrb
∇
A(M) FusBun
∇
A
sf(LM).
R∇xoo
For different choices of base points one obtains naturally equivalent regression functors.
The idea of the regression functor is very simple. Given a fusion bundle (P, λ) over LM
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it reconstructs the following diffeological bundle gerbe over M : its subduction (the dif-
feological analog of a surjective submersion) is the endpoint evaluation ev1 : PxM // M
on the space of paths starting at x. Over its two-fold fibre product PxM
[2] we have the
principal A-bundle l∗P , and the given fusion product λ pulls back to a bundle gerbe
product. More difficult is the promotion of this simple construction to the setup with
connections. It includes the construction of a “curving” 2-form on PxM , for which we
use diffeological techniques developed jointly with Schreiber [SW09, SW11]. Regression
is defined in Section 5.
We also compute expressions for the surface holonomy of the regressed bundle gerbe
R∇x (P ) in terms of the connection on P . The idea is to decompose a surface into
cylinders, discs, and pairs of pants. We show that the surface holonomy of a cylinder is
simply the parallel transport of the connection on P , while the one of a disc is related to
the fact that a fusion bundle trivializes over the constant loops. The surface holonomy
of a pairs of pants is determined by the fusion product.
Now we are in position to state the main theorem of this article:
Theorem A. Let M be a connected smooth manifold with base point x ∈ M . Then,
transgression and regression form an equivalence of monoidal categories,
h1DiffGrb
∇
A(M)
T ∇ //
FusBun∇A
sf(LM).
R∇x
oo
Moreover, this equivalence is natural with respect to base point-preserving smooth maps.
The proof of Theorem A consists in an explicit construction of the two required
natural equivalences, and is carried out in Section 6. In the following we describe some
immediate implications of Theorem A.
First we look at the bijection that the equivalence of Theorem A induces on the
Hom-sets of the involved categories. If G and H are isomorphic bundle gerbes with
connection, the Hom-set Hom(G,H) in the category h1DiffGrb
∇
A(M) is a torsor over the
group h0Bun
∇0
A (M) of isomorphism classes of flat principal A-bundles over M (Lemma
3.1.6). On the other side, if P and Q are isomorphic fusion bundles with superficial
connections, the Hom-set Hom(P,Q) in the category FusBun∇A
sf(LM) is a torsor over
the group Fuslc(LM,A) of locally constant fusion maps (Lemma 2.1.7). Fusion maps
are smooth maps f : LM // A subject to the condition
e∗12f · e
∗
23f = e
∗
13f
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over PM [3], which can be seen as a “de-categorification” of a fusion product for bundles.
Since the two Hom-sets are in bijection, we get:
Corollary A. Transgression and regression induce a bijection
h0Bun
∇0
A (M)
∼= Fuslc(LM,A).
In other words, locally constant fusion maps constitute a loop space formulation for
the geometry of flat principal A-bundles. Indeed, fusion maps have been introduced in
Part I of this series of papers, where such formulations are studied. The above corollary
reproduces [Wal, Corollary A].
Next are two implications that follow from properties of the functors T ∇ and R∇x .
Firstly, as mentioned above, all bundle gerbes in the image of regression have the same
subduction, namely the end-point evaluation ev1 : PxM // M on the space of paths
starting at x. Thus we get:
Corollary B. Every bundle gerbe G with connection over M is isomorphic to a bundle
gerbe with connection and subduction ev1 : PxM // M , namely to R
∇
x (T
∇
G ).
Secondly, transgression and regression restrict properly to flat bundle gerbes and flat
fusion bundles (Propositions 4.3.2 and 5.2.4):
Corollary C. Transgression and regression form an equivalence between categories of
bundle gerbes with flat connection and fusion bundles with flat superficial connections.
A similar restriction to trivial gerbes and trivial bundles is more subtle. Let us for
simplicity look at the case A = U(1), and identify its Lie algebra with R. Now, connec-
tions on the trivial bundle gerbe are just 2-forms ω ∈ Ω2(M). Superficial connections
on the trivial fusion bundle over LM form a group denoted Ω1fus(LM); these are 1-forms
on LM satisfying a list of properties reflecting the three conditions of Definition A,
see Section 2.2. Variants of such forms are sometimes called “local” or “ultra-local”;
see e.g. [CP98]. Transgression restricts properly to trivial gerbes in the sense that the
resulting fusion bundles are canonically trivializable [Wal11, Lemma 3.6]. Under these
trivializations, transgression is given by the formula
Ω2(M) // Ω1fus(LM) : ω
✤ // −
∫
S1
ev∗ω. (1)
On the other hand, the regression of a trivial fusion bundle with connection
η ∈ Ω1fus(LM) is a trivializable gerbe, but no trivialization is given. Thus, the equiv-
alence of Theorem A only restricts well to a bijection between isomorphism classes of
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trivial gerbes with connection and isomorphism classes of trivial fusion bundles with
superficial connections. It is well-known that two connections on the trivial gerbe are
isomorphic if and only if they differ by a closed 2-form with integral periods; these form
the group Ω2cl,Z(M). On the other side, two superficial connections on the trivial fusion
bundle are isomorphic if and only if they differ by the image of a fusion map under the
logarithmic derivative (Lemma 2.2.6). Summarizing, we obtain the following statement,
which can be understood as a loop space formulation of the geometry of 2-forms:
Corollary D. The transgression map (1) induces a group isomorphism
Ω2(M)
Ω2cl,Z(M)
∼=
Ω1fus(LM)
dlogFus(LM,U(1))
.
The last implication of Theorem A that I want to point out concerns again the case
A = U(1). Then, bundle gerbes with connection over M are classified by the differential
cohomology group Ĥ3(M,Z). Hence, Theorem A provides a loop space formulation of
differential cohomology:
Corollary E. The group of isomorphism classes of fusion bundles over LM with su-
perficial connections is isomorphic to the degree three differential cohomology of M :
Ĥ3(M,Z) ∼= h0FusBun
∇
U(1)
sf(LM).
1.2 Application to Lifting Problems
A lifting problem is the problem of lifting the structure group of a principal G-bundle E
over M to a central extension
1 // A // Gˆ // G // 1
of G. Lifting problems can be understood completely by looking at the lifting gerbe GE,
a certain A-bundle gerbe [Mur96]. Namely, there is an equivalence
Gˆ-Lift(E) ∼= Triv(GE) (2)
between the category of lifts of E and the category of trivializations of the gerbe GE.
An analogous equivalence for geometric lifting problems involving connections exists but
requires a more detailed treatment [Gom03, Wal11].
The idea is to transgress the lifting gerbe GE to a principal A-bundle over the loop
space. Since transgression is a functor, trivializations become sections of this bundle.
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Since it is an equivalence of categories, this provides a complete loop space formulation
of geometric lifting problems. It is worked out in full detail in [Wal11].
In the following we continue with the special case of a discrete Lie group A, in order
to avoid the above-mentioned issues with connections. Indeed, for discrete A, every
principal A-bundle and every A-gerbe has a unique connection, and every morphism
between bundles or gerbes is connection-preserving. Thus, the lifting gerbe GE defines
a fusion bundle PE := T
∇
GE
over LM . We say that a section σ : LM // P of a fusion
bundle (P, λ) over LM is fusion-preserving , if
λ(e∗12σ ⊗ e
∗
23σ) = e
∗
13σ,
i.e. if it corresponds to a fusion-preserving bundle morphism between P and the trivial
fusion bundle.
Theorem B. Let M be a connected smooth manifold, G be a Lie group, and E be a
principal G-bundle over M . Let Gˆ be a central extension of G by a discrete group. Then,
transgression and regression induce a bijection
h0(Gˆ-Lift(E)) ∼=
{
Fusion-preserving
sections of PE
}
.
Proof. We have the following bijections:
h0(Gˆ-Lift(E)) ∼= h0Triv(GE) ∼= h0Hom(GE,I) ∼= Hom(PE , I),
where the first Hom-set is the one of the category h1DiffGrb
∇
A(M), and the second Hom-
set is the one in FusBun∇A
sf(LM). The first bijection is induced from the equivalence
(2), the second is the definition of a trivialization of a gerbe, and the third is induced by
Theorem A. The set on the right is by definition the set of fusion-preserving sections.
The main motivation for Theorem B is the case of spin structures on an n-dimensional
oriented Riemannian manifold M . In this case, the relevant central extension is
1 // Z/2Z // Spin(n) // SO(n) // 1,
and the bundle whose structure group we want to lift is the oriented frame bundle FM
of M . The transgression of the associated lifting gerbe GFM is a Z/2Z-bundle PFM over
LM , and it plays the role of the orientation bundle of LM [Ati85, McL92, ST].
From the theory developed in this article we get the additional information that
the orientation bundle of LM comes with a fusion product. Accordingly, among all
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orientations of LM (the sections of PFM) is a subset of fusion-preserving orientations.
In this context, Theorem B becomes:
Corollary E. Let M be a connected oriented Riemannian manifold. Then, M is spin if
and only if there exists a fusion-preserving orientation of LM . In this case, transgression
and regression induce a bijection{
Equivalence classes of
spin structures on M
}
∼=
{
Fusion-preserving
orientations of LM
}
I learned about this correspondence from an unpublished paper [ST] of Stolz and
Teichner, which gives a proof using Clifford bimodules [ST, Theorem 9]. It also outlines
a proof using lifting gerbes [ST, Remark 11]. It was the main motivation for the present
article to understand this result from a more general point of view.
An example that illustrates the difference between orientations and fusion-preserving
orientations is a real Enriques surface E . Indeed, E is not spin but its loop space is
orientable (its second Stiefel-Whitney class is non-trivial, but transgresses to zero). In
other words, no orientation of LE is fusion-preserving.
1.3 Application to Loop Group Extensions
Let G be a connected Lie group. We denote by 〈−,−〉 the Killing form and by θ, θ¯ the
left and right invariant Maurer-Cartan forms, respectively. We consider the differential
forms
H :=
1
6
〈θ ∧ [θ ∧ θ]〉 ∈ Ω3(G) and ρ :=
1
2
〈
pr∗1θ ∧ pr
∗
2θ¯
〉
∈ Ω2(G ×G).
They have the property that the tuple (H, ρ, 0, 0) is a 4-cocycle in the simplicial de Rham
complex of G, and so represents an element in H4(BG,R).
A multiplicative gerbe with connection over G [Wal10, Definition 1.3] is a pair (G,M)
consisting of a U(1)-bundle gerbe G over G with connection of curvature H and a
connection-preserving 1-isomorphism
M : pr∗1G ⊗ pr
∗
2G // m
∗G ⊗ Iρ,
where m : G × G // G denotes the group multiplication, pr1,pr2 : G × G // G
are the projections, and Iρ denotes the trivial gerbe equipped with the connection ρ.
The 1-isomorphism M has to satisfy an associativity constraint3 over G × G × G. A
3In general, there is an “associator” instead of a constraint. However, in the present setting with
a connected Lie group and gerbes with connections, this associator is unique if it exists, see [Wal10,
Example 1.5].
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multiplicative gerbe with connection determines a class in H4(BG,Z) which is a preimage
for the class of (H, ρ, 0, 0) under the homomorphism induced by the inclusion Z ⊆ R
[Wal10, Proposition 2.3.1].
Since transgression is functorial, monoidal, and natural, it takes the multiplicative
gerbe (G,M) to a pair (P, µ) where P is a principal U(1)-bundle with connection over
LG, and µ is a multiplicative structure on P : a connection-preserving bundle isomor-
phism
µ : pr∗1P ⊗ pr
∗
2P // m
∗P ⊗ I−Lρ
over LG2 which is associative over LG3. Such bundle morphisms µ correspond bijectively
to Fre´chet Lie group structures on P making it a central extension of LG by U(1)
[Gro72], also see [Wal10, Theorem 3.1.7]. We obtain a category Ext∇(LG,U(1)), whose
objects are central extensions of LG by U(1) equipped with a connection such that
the multiplication µ is connection-preserving, and whose morphisms are connection-
preserving isomorphisms between central extensions. Summarizing, there is a functor
T
∇ : h1MultDiffGrb
∇(G) // Ext∇(LG,U(1)).
For example, the universal central extension of a compact, simple, simply-connected Lie
group belongs to the category Ext∇(LG,U(1)), namely as the image of the basic gerbe
over G [Wal10, Corollary 3.1.9].
We give a little foretaste how the results of this article can be applied to central ex-
tensions. Theorem A lets us recognize new features of central extensions in the image of
transgression. Firstly, they come equipped with a fusion product , and their group struc-
ture is fusion-preserving (in the sense that the corresponding isomorphism µ is fusion-
preserving). Secondly, the connections are superficial and symmetrizing . We denote the
category of these central extensions by FusExt∇sf(LG,U(1)); this is an interesting, new
subclass of central extensions of loop groups. Theorem A implies:
Theorem C. Let G be a connected Lie group. Then, transgression and regression
induce an equivalence of categories:
h1MultDiffGrb
∇(G) ∼= FusExt∇sf(LG,U(1)).
In other words, the central extensions in FusExt∇sf(LG,U(1)) can be understood via
a theory of multiplicative gerbes over G, in particular, with finite-dimensional methods.
For example, there exists a complete classification of multiplicative gerbes (G,M) over
all compact, simple Lie groups, in terms of constraints for the level of the gerbe G,
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determined in joint work with Gawe¸dzki [GW09]. Via Theorem C, this classification
transfers to a complete classification of the central extensions in FusExt∇sf(LG,U(1)).
2 Fusion Bundles and Superficial Connections
2.1 Fusion Bundles
For G a (abelian) Lie group and X a diffeological space, diffeological principal G-bundles
overX form a (monoidal) sheaf of groupoids with respect to the Grothendieck topology of
subductions [Wal, Theorems 3.1.5 and 3.1.6]. Subductions are the diffeological analog of
maps with smooth local sections. We also recall that the category of diffeological spaces
has all fibre products. If π : Y // X is a smooth map between diffeological spaces, we
write Y [k] for the k-fold fibre product of Y over X, and we write πi1...ik : Y
[p] // Y [k]
for the projection to the indexed factors.
Definition 2.1.1. Let π : Y // X be a subduction between diffeological spaces.
1. A product on a principal A-bundle P over Y [2] is a bundle isomorphism
λ : π∗12P ⊗ π
∗
23P // π
∗
13P
over Y [3] that is associative in the sense that the diagram
π∗12P ⊗ π
∗
23P ⊗ π
∗
34P
id⊗π∗234λ //
π∗123λ⊗id

π∗12P ⊗ π
∗
24P
π∗124λ

π∗13P ⊗ π
∗
34P π∗134λ
// π∗14P
of bundle morphisms over Y [4] is commutative.
2. An isomorphism ϕ : P // P ′ of principal A-bundles with products λ and λ′,
respectively, is called product-preserving, if the diagram
π∗12P ⊗ π
∗
23P
λ //
π∗12ϕ⊗π
∗
23ϕ

π∗13P
π∗13ϕ

π∗12P
′ ⊗ π∗23P
′
λ′
// π∗13P
′
of bundle morphisms over Y [3] is commutative.
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Bundles over Y [2] with products, and product-preserving isomorphisms form a mo-
noidal groupoid in an evident way. A connection on P is called called compatible with a
product λ, if λ is a connection-preserving bundle morphism. We denote by ∆ : Y // Y [2]
the diagonal map. Using dual bundles one can show:
Lemma 2.1.2. If P is a principal A-bundle over Y [2], a product λ determines a section
of ∆∗P . If P carries a connection compatible with λ, this section is flat.
The loop space LX of X is the diffeological space of smooth maps τ : S1 // X,
and the path space PX is the diffeological space of smooth maps γ : [0, 1] // X with
“sitting instants”, see [Wal, Section 2]. We will frequently need two important maps
related to spaces of paths and loops: the evaluation map
ev : PX // X ×X : γ ✤ // (γ(0), γ(1)),
and the map l which has already appeared in Section 1,
l : PX [2] // LX : (γ1, γ2)
✤ // γ2 ⋆ γ1,
where PX [k] denotes the k-fold fibre product of PX over X×X. Both maps are smooth,
and ev is a subduction if X is connected, see [Wal, Section 2].
Definition 2.1.3. A fusion product on a principal A-bundle P over LX is a product λ on
the bundle l∗P over PX [2] in the sense of Definition 2.1.1. A pair (P, λ) is called fusion
bundle. A morphism ϕ : P1 // P2 between fusion bundles is called fusion-preserving,
if l∗ϕ : l∗P1 // l
∗P2 is product-preserving.
We denote the monoidal groupoid formed by fusion bundles and fusion-preserving
bundle morphisms by FusBunA(LX). A connection on a principal A-bundle P over
LX is compatible with a fusion product λ, if its pullback to l∗P is compatible with the
product λ. Let ∆ : PX // LX be the smooth map that assigns to a path γ ∈ PX
the loop l(γ, γ) ∈ LX. Lemma 2.1.2 implies:
Lemma 2.1.4. For every fusion bundle P over LX with compatible connection, the
fusion product determines a flat section can : PX // ∆∗P .
Notice that one can further pullback this section along X // PX : x ✤ // idx, so
that the restriction of any fusion bundle to the constant loops has a flat trivialization.
Next we explain the additional condition for connections on fusion bundles, which
we have mentioned in the introduction as (iv). For an angle ϕ ∈ [0, 2π], we denote
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by rϕ : LX // LX the loop rotation by ϕ. Consider the “rotation homotopy”
hϕ : [0, 1] // LS
1 defined by hϕ(t)(s) = se
itϕ. For any loop β ∈ LX, the composite
Hϕ(β) := Lβ ◦ hϕ is a path in LX connecting β with rϕ(β). The parallel transport of
the connection on P along the path Hϕ(β) defines a bundle automorphism Rϕ of P that
covers the rotation rϕ.
We are particularly interested in the half-rotation, i.e. ϕ = π. Then, the loop
rotation rπ lifts along the map l : PX
[2] // LX. Namely, we define the smooth maps
π : PX [n] // PX [n] : (γ1, ..., γn)
✤ // (γn, ..., γ1),
and obtain the commutative diagram
PX [2]
π

l // LX
rπ

PX [2]
l
// LX.
As a consequence, the bundle automorphism Rπ pulls back to an automorphism of l
∗P
that covers the map π; we denote that also by Rπ.
Definition 2.1.5. Let P be a principal A-bundle over LX with fusion product λ. A
connection on P symmetrizes λ, if
Rπ(λ(q1 ⊗ q2)) = λ(Rπ(q2) ⊗Rπ(q1))
for all (γ1, γ2, γ3) ∈ PX
[3] and all q1 ∈ Pl(γ1,γ2) and q2 ∈ Pl(γ2,γ3).
Remark 2.1.6. It is instructive to assume for a moment that the bundle P together
with its connection is pulled back from the thin loop space LX, i.e. the diffeological
space of thin homotopy classes of loops, along the projection pr : LX // LX. Since
the rotation rϕ projects to the identity on LX, the automorphisms Rϕ are also identities.
Then, the condition of Definition 2.1.5 is simply
λ(q1 ⊗ q2) = λ(q2 ⊗ q1),
i.e. the fusion product is commutative.
A connection on a fusion bundle (P, λ) is by definition a connection on P which is
compatible with λ and symmetrizes λ. A morphism between fusion bundles with con-
nections is a fusion-preserving, connection-preserving bundle morphism. Fusion bundles
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with connection form a category that we denote by FusBun∇A (LX). For the Hom-sets
of this category, we provide the following lemma used in Corollary A.
Lemma 2.1.7. Let P1 and P2 be fusion bundles with connections. Then, the set of
connection-preserving, fusion-preserving bundle morphisms ϕ : P1 // P2 is either
empty or a torsor over the group Fuslc(LM,A) of locally constant fusion maps.
Proof. By [Wal, Lemma 3.2.4], the set of connection-preserving isomorphisms between
isomorphic diffeological principal bundles is a torsor over the group of locally constant
maps f : LX // A. Adding the condition that these isomorphisms respect the fusion
product results in the condition that f is a fusion map. 
2.2 Superficial Connections
A loop in the loop space, τ ∈ LLX, is called thin, if the adjoint map τ∨ : S1×S1 // X
defined by τ∨(s, t) := τ(s)(t) has rank one (in smooth manifolds, this means that the
rank of its differential is less or equal than one; in general see [Wal, Definition 2.1.1]).
Two loops τ1, τ2 ∈ LLX are called rank-two-homotopic, if there exists a path h ∈ PLLX
connecting τ1 with τ2, whose adjoint map h
∨ : [0, 1] × S1 × S1 // X has rank two.
Definition 2.2.1. A connection on a principal A-bundle P over LX is called superficial,
if two conditions are satisfied:
(i) Thin loops have vanishing holonomy.
(ii) Rank-two-homotopic loops have the same holonomy.
We remark that condition (ii) is a weakened flatness condition, i.e. a flatness implies
(ii). If A is a discrete group, then the unique connection on P is superficial.
For later use we shall derive two implications for the parallel transport of superficial
connections. Corresponding to the notion of a thin loop is the one of a thin path, i.e.
one whose adjoint map [0, 1] × S1 // X has rank one. For γ : [0, 1] // LX a path
in LX, we denote the parallel transport of a connection on a principal A-bundle P over
LX by τγ : Pγ(0) // Pγ(1).
Lemma 2.2.2. Let P be a principal A-bundle over LX with superficial connection. If
γ1, γ2 ∈ PLX are thin paths with a common initial point β0 ∈ LX and a common
endpoint β1 ∈ LX, then τγ1 = τγ2 .
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Proof. l(γ1, γ2) = γ2 ⋆ γ1 is a thin loop in LX, and has vanishing holonomy by (i). 
Loops connected by a thin path are called thin homotopic, see [Bar91]. The lemma
states that a superficial connection provides identifications between fibres of P over
thin homotopic loops, independent of the choice of a thin path. To prepare the second
implication, we notice that a rank-two-homotopy h between two paths γ1, γ2 ∈ PLX
induces paths h0, h1 ∈ PLX with h0(t) := h(0)(t) and h1(t) := h(1)(t); these connect
the end-loops of the paths γ1 and γ2 with each other.
Lemma 2.2.3. Let P be a principal A-bundle over LX with superficial connection. Let
h be a rank-two-homotopy between paths γ1 and γ2 in LX. Then, the diagram
Pγ1(0)
τh0

τγ1 // Pγ1(1)
τh1

Pγ2(0) τγ2
// Pγ2(1)
of parallel transport maps is commutative. In particular, if h fixes the end-loops, i.e. the
paths h0 and h1 are constant, then τγ1 = τγ2 .
Proof. We first prove the statement for a homotopy h that fixes the end-loops. Then
we can form, for each t, a loop h′(t) := l(h(t), idγ2(t)) ∈ LLX. These loops form a path
h′ ∈ PLLX. Its adjoint map still has rank two, so that condition (ii) implies that the
holonomies of the loops h′(0) and h′(1) coincide. We calculate
HolP (l(γ1, γ2)) = HolP (h
′(0)) = HolP (h
′(1)) = HolP (l(γ2, γ2)) = 1. (2.2.1)
The last step uses that the loop l(γ2, γ2) in LX is thin homotopic to a constant loop
(which has vanishing holonomy), and the holonomy of a connection depends only on the
thin homotopy class of the loop (this is well-known for smooth bundles; for diffeological
bundles see [Wal, Proposition 3.2.10]. As a consequence of (2.2.1), we obtain τγ1 = τγ2 .
Now we deduce the general statement. On the one hand, we have τγ1 = τid⋆γ1⋆ id,
since these paths are thin homotopic. On the other hand, the paths (id ⋆ γ1) ⋆ id
and (h1 ⋆ γ2) ⋆ h0 are rank-two-homotopic and have the same end-loops, so that the
commutativity of the diagram follows. 
Remark 2.2.4. The parallel transport of any connection on a principal bundle over
any diffeological space only depends on the thin homotopy class of the path. Lemma
2.2.3 shows that for a superficial connection this independence is extended to larger
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equivalence classes of paths. Indeed, consider γ1, γ2 ∈ PLX. Let h : [0, 1] // PLX be
a thin homotopy. Then, its adjoint h∨ : [0, 1]2 × S1 // X has rank two. The converse
is in general not true.
An important feature of superficial connections is their relation to equivariant struc-
tures. In the context of transgression, this relation explains the absence of equivariant
structures in our definition of fusion bundles, see Remark 4.3.7. Let Diff+(S1) denote
the group of orientation-preserving diffeomorphisms of S1.
Proposition 2.2.5. Let P be a principal A-bundle over LX with superficial connec-
tion. Then, parallel transport determines a connection-preserving, Diff+(S1)-equivariant
structure on P .
Proof. For every φ ∈ Diff+(S1) and every β ∈ LX the loops β and β ◦ φ are thin
homotopic. Indeed, since Diff+(S1) is connected, there exists a path γφ ∈ P (LS
1) with
γφ(0) = idS1 and γφ(1) = φ. Then, the path Lβ ◦ γφ ∈ PLX connects β with β ◦ φ and
is thin.
Lemma 2.2.2 implies that the parallel transport τLβ◦γφ of the superficial connection
on P along the thin path Lβ ◦ γφ ∈ PLX is independent of the choice of the path γφ.
Thus we have a well-defined map
E : Diff+(S1) × P // P : (φ, x) ✤ // τγLp(x)◦γφ (x)
where p(x) ∈ LX is the projection of x ∈ P to the base. The map E is smooth because
parallel transport depends smoothly on the path [Wal, Proposition 3.2.10] and the paths
γφ can be chosen locally in a smooth way. Further, E is an action of Diff
+(S1) on P :
for φ,ψ ∈ Diff+(S1) and paths γφ, γψ, γψ◦ϕ ∈ PLS
1 we have the thin paths
Lβ ◦ γψ◦ϕ and (L(β ◦ φ) ◦ γψ) ⋆ (Lβ ◦ γϕ)
both connecting β with β ◦ ψ ◦ ϕ. Thus, the induced parallel transport maps coincide,
and the functorality of parallel transport gives
τLβ◦γψ◦ϕ = τL(β◦φ)◦γψ ◦ τLβ◦γϕ .
This shows E(ψ,E(ϕ, x)) = E(ψ ◦ ϕ, x). Finally, the action E covers the action of
Diff+(S1) on LX. Thus, E is an equivariant structure on P .
The claim that E is connection-preserving means that the bundle automorphism
Eφ : P // P is connection-preserving for all φ ∈ Diff
+(S1). If γ ∈ PLX is a path,
we denote by φ(γ) the path φ(γ)(t) := γ(t) ◦ φ. Any choice of a path γφ from idS1 to
– 19 –
φ induces a rank-two-homotopy between γ and φ(γ), and Lemma 2.2.3 implies that the
diagram
Pγ(0)
Eφ

τγ
// Pγ(1)
Eφ

Pγφ(0) τφ(γ)
// Pγφ(1)
is commutative. This shows that Eϕ is connection-preserving. 
Now we have completed the definition of fusion bundles with superficial connection
and have thus explained all details of Definition A. It is interesting to look at superficial
connections on the trivial fusion bundle, i.e. the trivial bundle over LX with the identity
fusion product. Like in the introduction, we shall restrict to A = U(1) with the Lie
algebra identified with R. Superficial connections on the trivial fusion bundle form a
group that we denote by Ω1fus(LX); it consists of 1-forms η ∈ Ω
1(LX) which
(a) are compatible with the identity fusion product:
e∗12η + e
∗
23η = e
∗
13η,
with the maps eij := l ◦ prij : PX
[3] // LX.
(b) symmetrize the identity fusion product:∫
Hπ(l(γ1,γ2))
η +
∫
Hπ(l(γ2,γ3))
η =
∫
Hπ(l(γ1,γ3))
η mod Z,
for all (γ1, γ2, γ3) ∈ PX
[3], where Hπ(β) ∈ PLX denotes the homotopy that rotates
a loop β by an angle of π.
(c) are superficial : ∫
τ
η ∈ Z and
∫
τ1
η =
∫
τ2
η mod Z
for all thin loops τ ∈ LLX and all pairs (τ1, τ2) of rank-two-homotopic loos in LX.
The formulas in (b) and (c) come from the fact that the parallel transport in the trivial
bundle is given by multiplication with the exponential of the integral of the connection
1-form, so that a coincidence of parallel transport maps is equivalent to the integrality
of the difference of the integrals. We close this section with a fact used in Corollary D:
Lemma 2.2.6. For η1, η2 ∈ Ω
1
fus(LX), there is a bijection
Hom(Iη1 , Iη2)
∼= {f ∈ Fus(LX,U(1)) | η2 = η1 + dlog(f)} .
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Proof. A morphism between trivial bundles over LX is the same as a smooth map
f : LX // A. It preserves connection 1-forms η1 and η2 if and only if η2 = η1+dlog(f).
It preserves the trivial fusion products if and only f is a fusion map. 
3 Diffeological Bundle Gerbes
3.1 Bundle Gerbes
Let X be a diffeological space.
Definition 3.1.1. A diffeological A-bundle gerbe over X is a subduction π : Y // X
and a bundle P over Y [2] with a product λ in the sense of Definition 2.1.1.
Compared to the classical definition of a bundle gerbe [Mur96], we have made two
independent generalizations. First we have admitted diffeological spaces and diffeological
bundles instead of smooth manifolds and smooth bundles. Secondly, we have admitted
a general abelian Lie group A instead of C× or U(1). Almost all statements about U(1)-
bundle gerbes over smooth manifolds extend without changes to our generalized version
of bundle gerbes, mostly due to the fact that principal A-bundles over diffeological spaces
have all the features of principal U(1)-bundles over smooth manifolds [Wal, Section 3].
A list of such statements that we will use later is:
Lemma 3.1.2.
(i) Diffeological A-bundle gerbes over a diffeological space X form a monoidal 2-
groupoid DiffGrbA(X). The tensor unit is denoted I: it has the identity subduction
and the trivial bundle with the trivial product.
(ii) The assignment X ✤ // DiffGrbA(X) defines a sheaf of 2-groupoids over the site of
diffeological spaces; in particular, there are coherent pullback 2-functors.
(iii) Let G1 and G2 be diffeological bundle gerbes over a diffeological space X. Then,
the Hom-category Hom(G1,G2) is a torsor category over the monoidal groupoid
DiffBunA(X) of diffeological principal A-bundles over X.
(iv) If f : Y1 // Y2 is a smooth map between subductions over X, and G is a diffeolo-
gical bundle gerbe with subduction π2 : Y2 // X, one obtains via pullback of the
bundle and its product another diffeological bundle gerbe resf (G) with subduction
π1 : Y1 // X, together with an isomorphism resf (G) ∼= G.
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Over smooth manifolds, smooth and diffeological bundle gerbes are the same
Theorem 3.1.3. Let M be a smooth manifold. Then, the inclusion
GrbA(M) // DiffGrbA(M)
of smooth bundle gerbes into diffeological bundle gerbes is an equivalence of 2-categories.
Proof. It is an equivalence between the Hom-categories because these are torsor cate-
gories over BunA(X) and DiffBunA(X), respectively, and both categories are isomorphic
[Wal, Theorem 3.1.7]. It remains to prove that it is essentially surjective on objects.
Suppose G is a diffeological bundle gerbe over M . Let M be covered by open sets Uα
with smooth sections sα : Uα // Y . For U the disjoint union of the open sets Uα, the
sections define a smooth map s : U // Y , covering the identity on M . Then, ress(G)
is a smooth bundle gerbe over M , again using [Wal, Theorem 3.1.7]. By Lemma 3.1.2
(iv), ress(G) is isomorphic to G. 
Corollary 3.1.4. Isomorphism classes of diffeological A-bundle gerbes over a smooth
manifold M are in bijection to the Cˇech cohomology group Hˇ2(M,A).
Here A denotes the sheaf of smooth A-valued functions on M . We denote the class
that represents a bundle gerbe G in cohomology by cˇ(G) ∈ Hˇ2(M,A).
One important difference between U(1)-bundle gerbes and general A-bundle gerbes
is the following. For U(1)-bundle gerbes over a smooth manifold M one can use the iso-
morphism Hˇ2(M,U(1)) ∼= H3(M,Z), and regard the image of the class cˇ(G) in H3(M,Z)
as a characteristic class. For a general A-bundle gerbes, this is not possible. In par-
ticular, while every U(1)-bundle gerbe over a surface trivializes by dimensional reasons,
there are non-trivial A-bundle gerbes over surfaces.
Our discussion of connections on diffeological bundle gerbes uses the fact that dif-
ferential forms on diffeological spaces and connections on diffeological principal bundles
have almost4 all features of differential forms and connections over smooth manifolds
[Wal, Sections 3.2 and A.3].
Definition 3.1.5. Let G be a diffeological A-bundle gerbe over X, consisting of a sub-
duction π : Y // X and A-bundle P with product λ. A connection on G is a connection
4One difference is that not every principal bundle over every diffeological space admits a connection.
Note that this is already the case over some infinite-dimensional (Fre´chet) manifolds.
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on P compatible with λ, and a 2-form B ∈ Ω2a(Y ) such that
curv(P ) = π∗2B − π
∗
1B.
Here we have denoted by Ωka(X) the vector space of a-valued k-forms on X, where
a is the Lie algebra of A. The 2-form B is called the curving of the connection. Every
diffeological A-bundle gerbe G with connection over X has a curvature curv(G) ∈ Ω3a(X),
which is defined as the unique 3-form whose pullback along the subduction of G equals
dB. If the Lie group A is discrete, a connection is no information, i.e. every A-bundle
gerbe has exactly one connection, which is flat.
Many familiar facts generalize from smooth U(1)-bundle gerbes with connection to
diffeological A-bundle gerbes with connection. For example, a connection on the trivial
bundle gerbe I can be identified with its curving, i.e. with a 2-form ρ ∈ Ω2a(X). We
denote this bundle gerbe with connection by Iρ. Further, we have:
Lemma 3.1.6.
(i) Diffeological A-bundle gerbes with connection over X form a monoidal 2-groupoid
DiffGrb∇A(X), whose tensor unit is I0.
(ii) The assignment X ✤ // DiffGrb∇A(X) defines a sheaf of 2-groupoids over the site of
diffeological spaces; in particular, there are coherent pullback 2-functors.
(iii) Let G1 and G2 be diffeological A-bundle gerbes with connection over a diffeologi-
cal space X. Then, the Hom-category Hom(G1,G2) is a torsor category over the
monoidal groupoid DiffBun∇0A (X) of flat diffeological principal A-bundles over X.
A straightforward analog of Theorem 3.1.3 is the following
Theorem 3.1.7. The inclusion
Grb∇A(M)
// DiffGrb∇A(M)
of smooth bundle gerbes with connection into diffeological bundle gerbes with connection
is an equivalence of 2-categories.
Corollary 3.1.8. Isomorphism classes of diffeological A-bundle gerbes with connec-
tion over a smooth manifold M are in bijection with the Deligne cohomology group
Hˇ2(M,DA(2)).
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Deligne cohomology (with A = C×) is discussed in detail in [Bry93]. In our case,
DA(2) denotes the complex
A
dlog
// Ω1a
d // Ω2a
of sheaves over M . Here, Ωka denotes the sheaf of k-forms with values in the Lie algebra a
of A, d denotes the exterior derivative, and dlog(f) denotes the pullback of the Maurer-
Cartan form θ ∈ Ω1a(A) along a smooth map f : U // A. There is a projection
Hˇ2(M,DA(2)) // Hˇ
2(M,A)
that reproduces the characteristic class cˇ(G) of the underlying bundle gerbe. We also
recall that there is an exact sequence
0 // H2(M,A) // Hˇ2(M,DA(2))
curv // Ω3a(M) (3.1.1)
saying that diffeological A-bundle gerbes with flat connection are parameterized by the
(singular) cohomology group H2(M,A).
If one chooses a Cˇech resolution involving an open cover U of M , then a cocy-
cle c for a gerbe with connection is a tuple c = (B,A, g), with smooth functions
gαβγ : Uα ∩Uβ ∩Uγ // A and differential forms Aαβ ∈ Ω
1
a(Uα ∩Uβ) and Bα ∈ Ω
2
a(Uα).
We refer to [GSW11, Section 3] for a detailed discussion of the relation between Deligne
cohomology and bundle gerbes.
3.2 Trivializations
Trivializations play an important role in this article because the serve as “boundary
conditions” for the surface holonomy that we explain in Section 3.3.
Definition 3.2.1. A trivialization of a diffeological bundle gerbe G with connection over
a diffeological space X is a 2-form ρ ∈ Ω2a(X) and a 1-isomorphism T : G // Iρ in
the 2-category DiffGrb∇A(X) of diffeological bundle gerbes with connection over X.
In more detail, if π : Y // X is the subduction of G, P is its bundle with product λ,
and B is its curving, a trivialization T is a pair (T, τ) consisting of a principal A-bundle T
with connection over Y of curvature curv(T ) = B− π∗ρ, and of a connection-preserving
isomorphism
τ : P ⊗ π∗2T // π
∗
1T
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of bundles over Y [2] that is compatible with the product λ in the sense that the diagram
π∗12P ⊗ π
∗
23P ⊗ π
∗
3T
id⊗π∗23τ //
λ⊗id

π∗12P ⊗ π
∗
2T
π∗12τ

π∗13P ⊗ π
∗
3T τ
// π∗1T
of bundle morphisms over Y [3] is commutative. A 2-isomorphism ϕ : T1 +3 T2 be-
tween two trivializations Ti = (Ti, τi) is a connection-preserving bundle isomorphism
ϕ : T1 // T2 such that π
∗
1ϕ ◦ τ = τ ◦ (id ⊗ π
∗
2ϕ).
In Deligne cohomology, a trivialization T : G // Iρ of a bundle gerbe G with connec-
tion and with a Deligne cocycle c allows to extract a 1-cochain t such that c = D(t)+r(ρ),
where D is the differential of the Deligne complex, and r : Ω2a(M) // Ω
2
a is the re-
striction map. A 2-isomorphism ϕ : T1 +3 T2 defines a Deligne 0-cochain f such that
t1 = t2 +D(f).
The action of the groupoid DiffBun∇0A (X) on the Hom-categories of DiffGrb
∇
A(X) from
Lemma 3.1.6 (iii) restricts to an action on trivializations with fixed ρ, which we denote
by T ⊗ P for a trivialization T and a flat principal A-bundle P over X. For T = (T, τ)
we have T ⊗ P := (T ⊗ π∗P, τ ⊗ id). For ϕ : T1 +3 T2 a 2-isomorphism, and
β : P1 // P2 a connection-preserving isomorphism between principal A-bundles over
X, we have ϕ ⊗ β := ϕ ⊗ π∗β.
We shall provide two facts about trivializations.
Lemma 3.2.2. Suppose W is a smooth manifold with H3dR(W ) = 0 and H
2(W,A) = 0,
of which the first is de Rham cohomology and the second is singular cohomology. Then,
every diffeological A-bundle gerbe with connection over W admits a trivialization.
Proof. Consider the curvature H ∈ Ω3a(W ) of the given bundle gerbe G. By assumption,
H = dρ for some 2-form ρ ∈ Ω2a(W ). Now, the new bundle gerbe G ⊗ I−ρ is flat and
has a characteristic class in H2(W,A) = 0. But if G ⊗ I−ρ has a trivialization, then also
G has one. 
Lemma 3.2.3. Suppose G is a diffeological bundle gerbe with connection with subduction
π : Y // X, curving B ∈ Ω2(Y ) and a bundle P with product λ. Then, every smooth
section σ : M // Y determines a trivialization Tσ : G // Iσ∗B. Moreover:
(a) If σ′ is another section, the product λ defines a 2-isomorphism
Tσ ⊗Rσ,σ′ +3 Tσ′ ,
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where Rσ,σ′ is the pullback of P along (σ, σ
′) : M // Y [2].
(b) If T : G // Iρ is a trivialization, the isomorphism τ of T defines a 2-isomorphism
Tσ ⊗ σ
∗T +3 T ,
where T is the principal A-bundle of T .
Proof. Consider the smooth maps
σk : Y
[k] // Y [k+1] : (y1, ..., yk)
✤ // (y1, ..., yk, σ(π(y1))).
The trivialization Tσ has the principal A-bundle T := σ
∗
1P over Y , and the isomorphism
τ := σ∗2λ over Y
[2]. The axioms for Tσ := (T, τ) follow from the relation between the
curvature of P and the curving B, and from the associativity of λ under pullback along
σ3. (a) and (b) follow from this construction. 
3.3 Surface Holonomy
Holonomy for bundle gerbes with structure groups different from U(1) requires special
attention. It is defined in the following situation. Let G be a diffeological A-bundle gerbe
with connection over a diffeological space X, let Σ be a closed oriented two-dimensional
smooth manifold and let φ : Σ // X be a smooth map. The holonomy of G around Σ,
HolG(φ) ∈ A,
is defined as the pairing between the fundamental class of Σ and the class in H2(Σ, A) that
corresponds to the flat gerbe φ∗G, see (3.1.1). There are two well-known reformulations:
(a) If X is a smooth manifold M , one can use the Alvarez-Gawe¸dzki formula [Alv85,
Gaw88]. Choose an open covering U = {Uα}α∈A of M over which G allows to
extract a Deligne cocycle c = (B,A, g). Let T be a triangulation of Σ subordinate
to φ−1(U ), i.e. there is a map α : T // A that assigns to each simplex σ ∈ T an
index α(σ) such that φ(σ) ⊆ Uα(σ). Then,
HolG(φ) = AG(φ
∗c) (3.3.1)
with
AG(φ∗c) :=
∏
f ∈T
exp
(∫
f
φ∗Bα(f)
)
·
∏
e∈∂f
exp
(∫
e
φ∗Aα(f)α(e)
)
·
∏
v∈∂e
g
ǫ(f,e,v)
α(f)α(e)α(v)(φ(v)),
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where ǫ(f, e, v) is +1 if v is the end of the edge e in the orientation induced from the
face f , and −1 else. Employing the cocycle condition for c one can show explicitly
that AG(φ∗c) does not depend on the choice of the triangulation, and not on the
choice of the representative c. Further, by going to a triangulation on whose faces the
Poincare´ Lemma holds and then using Stokes’ Theorem, one can transform AG(φ∗c)
into an expression only involving the product over vertices. This way one proves the
coincidence (3.3.1).
(b) Suppose the pullback φ∗G is trivializable (e.g. for A = U(1), where Hˇ2(Σ,U(1)) =
H3(Σ,Z) = 0). Then one can choose any trivialization S : φ∗G // Iρ with some
ρ ∈ Ω2a(Σ) and finds
HolG(φ) = exp
(∫
Σ
ρ
)
. (3.3.2)
The coincidence between (a) and (b) has been shown explicitly in [CJM02].
We will frequently use the following property of the holonomy of bundle gerbes with
connection over smooth manifolds. Though quite fundamental, I was unable to find this
statement in the literature.
Proposition 3.3.1. Let M be a smooth manifold and let G be a diffeological A-bundle
gerbe with connection over M . Suppose that Σ is a closed oriented surface, and that
φ : Σ // M is a smooth rank one map. Then, the holonomy of G around Σ vanishes.
Proof. By Sard’s Theorem the image φ(Σ) of φ has Hausdorff dimension dimH(φ(Σ)) ≤
1. With [HW41, Theorem VII.2], dimH(X) ≥ dim(X) for any topological space X,
where dim(X) denotes its topological dimension. 5 Now suppose U is a covering of M
by open sets that admits to extract a Deligne cocycle c for G. Since φ(Σ) is compact, it
is already covered by finitely many open sets of U . In this case, [HW41, Theorem V.1]
together with the above bound dim(X) ≤ 1 guarantees the existence of a refinement V
which has no non-trivial three-fold intersections. Using φ−1(V ) in the Alvarez-Gawe¸dzki
formula shows that HolG(φ) = 1. 
There is also a version of holonomy for surfaces with boundary, and it will play an
important role in this article. Suppose Σ is a compact oriented surface with boundary
components b1, ..., bn. Suppose a smooth map φ : Σ // M is given, and for each
boundary component bi a trivialization Ti of the restriction of φ
∗G to bi. In this situation,
holonomy is a number
AG(φ,T1, ...,Tn) ∈ A (3.3.3)
5I thank Martin Olbermann for bringing up this argument.
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defined in the following way, see e.g. [GR02, CJM02, Gaw05]. One chooses an open
cover U of M , a triangulation of Σ subordinate to φ−1(U ), and a Deligne cocycle c
representing the bundle gerbe G. Then one chooses, for each boundary component bi, a
Deligne 1-cochain ti representing the trivialization Ti, i.e. φ
∗c|bi = D(t
i). In the Cˇech
resolution with c = (B,A, g), these cochains are pairs ti = (Πi, χi) consisting of smooth
functions χiαβ : Uα ∩ Uβ
// A and 1-forms Πiα ∈ Ω
1
a(Uα). Then,
AG(φ,T1, ...,Tn) := AG(φ
∗c) ·
n∏
i=1
BC(ti)−1, (3.3.4)
where the boundary contributions are
BC(ti) :=
∏
e∈bi
exp
(∫
e
Πiα(e)
)
·
∏
v∈∂e
(
χiα(e)α(v)(v)
)ǫ(e,v)
, (3.3.5)
and ǫ(e, v) is +1 when v is the endpoint of e in the induced orientation of ∂Σ and −1 else.
Employing the various relations between the Deligne cochains one can prove that (3.3.4)
is independent of the choice of the triangulation and of the choices of representatives c
and ti. It is clear that for a closed surface AG(φ) = HolG(φ).
In the situation where a trivialization S : φ∗G // Iρ over all of Σ exists, one has
BC(ti) = HolPi(bi), where Pi is a (flat) principal A-bundle with connection over bi such
that Ti⊗Pi ∼= S|bi . The bundle Pi exists and is unique up to isomorphism due to Lemma
3.1.6 (iii). Thus,
AG(φ,T1, ...,Tn) = exp
(∫
Σ
ρ
)
·
n∏
i=1
HolPi(bi)
−1, (3.3.6)
These issues are discussed in detail in the literature [GR02, CJM02, Gaw05]. In [Bry93]
there is also an interpretation of AG as a section of a certain bundle over the mapping
space C∞(Σ,M). We will come back to this point of view in Section 4.3.
Lemma 3.3.2. Holonomy for surfaces with boundary has the following properties:
(a) It only depends on the isomorphism classes of the trivializations Ti. Further, if P is
a principal A-bundle over one of the boundary components bi, then
AG(φ,T1, ...,Ti ⊗ P, ...,Tn) = HolP (bi)
−1 ·AG(φ,T1, ...,Tn).
(b) It only depends on the thin homotopy class of the map φ: if h : [0, 1] ×Σ // X is
a smooth rank two map that fixes the boundary of Σ point-wise, and φt(s) := h(t, s),
then
AG(φ0,T1, ...,Tn) = AG(φ1,T1, ...,Tn).
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(c) It satisfies the following “gluing law”. Suppose β : S1 // Σ is a simple loop, so
that Σ′ := Σ \ im(β) is again a smooth manifold with two new boundary components
called b and b¯. If φ : Σ // X is a smooth map, and T : φ∗G|b // I0 is any
trivialization, then
AG(φ,T1, ...,Tn) = AG(φ
′,T1, ...,Tn,T ,T ),
where φ′ is the restriction of φ to Σ′.
(d) It is invariant under orientation-preserving diffeomorphisms: if ϕ : Σ1 // Σ2 is an
orientation-preserving diffeomorphism (also preserving the labelling of the boundary
components), and φ : Σ2 // X is a smooth map, then
AG(φ ◦ ϕ,ϕ
∗T1, ..., ϕ
∗T2) = AG(φ,T1, ...,Tn).
Proof. (a) is clear since 2-isomorphic trivializations have cohomologous 1-cochains, and
the tensor factor P contributes exactly the holonomy of P to the formula (3.3.4). (b) is
a standard argument: the difference of the two holonomies is the integral of the pullback
φ∗H of the curvature H of G over [0, 1] × Σ; but since φ has rank two, φ∗H = 0. To
see (c) one uses the same triangulation for Σ and Σ′. Then, the two additional terms in
AG(φ
′,T1, ...,Tn,T ,T ) cancel due to the opposite orientations of b and b¯ as part of the
boundary of ∂Σ. (e) is shown by pulling back a triangulation of Σ2 to Σ1. 
In a few parts of this article, we need a yet more advanced version of surface holonomy,
namely for surfaces whose boundaries have corners, like the unit square Q := [0, 1]2.
Here we require for each boundary component b a boundary record B = {T r, ϕrs}, a
structure which has a trivialization T r : φ∗G|br // I0 for each smooth part b
r of the
boundary component b, and a 2-isomorphism ϕrs : T r|v +3 T
s|v over each corner v that
separates br from bs, in the direction of the orientation of b. If a boundary component has
no corners, a boundary record is just a trivializations, as before. In order to define the
holonomy AG , one chooses Deligne 1-cochains t
r = (Gr,Πr) for each trivialization T r as
before. Then one obtains Deligne 2-cochains f rs for the 2-isomorphisms ϕrs satisfying
tr|v = t
s|v + Df
rs. One chooses a triangulation such that the corners are vertices, and
replaces the former boundary contribution (3.3.5) of the component b by
BC ({tr} , {f rs}) :=
∏
br⊆b
BC(tr) ·
∏
v=br∩bs
f rsα(v)(v).
Employing all the conditions between the cochains c, tr and f rs one can show that
AG(φ,B1, ...,Bn) := AG(φ
∗c) ·
n∏
i=1
BC
({
t i,r
}
,
{
f i,rs
})−1
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is independent of all choices.
All statements of Lemma 3.3.2 stay true for boundaries with corners. We will only
need the following refinement of (a). Let B be a boundary record for some boundary
component b. Suppose for a smooth component br we have a principal A-bundle P with
connection over br together with trivializations ψ0, ψ1 : P // I0 of P over the endpoints
of br. We denote by PT(P,ψ0, ψ1) ∈ A the number defined by
τγ(ψ0(γ(0))) · PT(P,ψ0, ψ1) = ψ1(γ(1)), (3.3.7)
where γ : [0, 1] // br is some orientation-preserving parameterization of br, and τγ
denotes the parallel transport in P along γ. Let T r be the trivialization over br in the
boundary record B, and let Sr be some other trivializations. Suppose φ : T r⊗P +3 Sr
is a 2-isomorphism. In this situation, we form a new boundary record B ′, in which T r
is replaced by Sr, the 2-isomorphism ϕr−1,r is replaced by φ ◦ (ϕr−1,r ⊗ψ−10 ) and ϕ
r,r+1
is replaced by (ϕr,r+1 ⊗ ψ1) ◦ φ
−1. Then, the refined version of Lemma 3.3.2 (a) is
AG(φ,B1, ...,B, ...,Bn) = PT(P,ψ0, ψ1)
−1 ·AG(φ,B1, ...,B
′, ...Bn). (3.3.8)
If the boundary component b has no corners, PT(P,ψ0, ψ1) = HolP (b), and (3.3.8)
coincides with Lemma 3.3.2 (a).
4 Transgression
In this section we define the transgression functor
T
∇ : DiffGrb∇A(M) // FusBun
∇
A
sf(LM).
As long as possible, we will work over a general diffeological space X. In order to define
the functor T ∇, we first associate a principal A-bundle LG over LX to a diffeological
A-bundle gerbe G over X with connection. Then, we equip LG successively with a
fusion product and a compatible, symmetrizing and superficial connection. Only for the
connection we have to restrict the construction to smooth manifolds.
4.1 The Principal Bundle over LX
Our construction is inspired from Brylinski’s transgression [Bry93], and its adaption to
bundle gerbes [Wal10]. Let G be a diffeological bundle gerbe over X with connection.
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The diffeological principal A-bundle LG over LX is defined as follows. Its fibre over a
loop τ ∈ LX is
LG τ := h0Hom(τ
∗G,I0);
i.e. the set of isomorphism classes of trivializations of the pullback τ∗G of G to the circle.
Next we define a diffeology on the disjoint union
LG :=
⊔
τ ∈LX
LG τ ,
making it into a diffeological space. For this purpose, we have to select a class of plots:
maps c : U // LG, where U ⊆ Rn is open and n ∈ N0 is arbitrary. We define a map
c : U // LG to be a plot, if the following two conditions are satisfied:
1. Its projection pr ◦ c : U // LX is smooth.
2. For all u ∈ U there exists an open neighborhood W ⊆ U of u and a trivialization
T : c∗WG
// Iρ, where cW is the smooth map
S1 ×W
id×c // S1 × LG
id×pr
// S1 × LX
ev // X,
such that c(w) = ι∗wT for all w ∈ W , where the map ιw : S
1 // S1×W is defined
by ιw(z) := (z, w).
We check that this defines a diffeology on LG. Firstly, if c is constant, put W := U and
choose a trivialization S representing c(u) ∈ LG. For pr1 : S
1×W // S1 the projection,
T := pr∗1S is a trivialization of c
∗
WG satisfying c(w) = S = ι
∗
wT . Secondly, if f : V // U
is a smooth map, a trivialization T of c∗WG pulls back along id×f : S
1×U ′ // S1×U ,
and thus implies that c◦f is also a plot. Thirdly, there is a gluing axiom for plots which
is satisfied since our definition is manifestly local.
Our next objective is to prove that LG is a diffeological principal A-bundle over LX.
It is clear that our diffeology on LG makes the projection pr : LG // LX a smooth map.
Moreover, it has to be a subduction. Subduction means that every plot c : U // LX
of the base lifts locally to a plot of LG. Indeed, for u ∈ U , choose a contractible open
neighborhood W of u and a trivialization T of the pullback of G along
S1 ×W
id×c // S1 × LX
ev // X.
Such trivializations exist by Lemma 3.2.2. Then, c˜ : W // LG : w ✤ // ι∗wT defines
a plot of LG such that pr ◦ c˜ = c|W . Next is the definition of an action of A on LG.
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Principal A-bundles with (flat) connection over S1 can be identified up to isomorphism
with their holonomy evaluated around S1, i.e. there is a canonical group isomorphism
h0Bun
∇0
A (S
1) ∼= A. (4.1.1)
We denote by Pa a flat principal A-bundle over S
1 associated to a ∈ A by (4.1.1).
The action of A on LG is defined by (T , a) ✤ // T ⊗ Pa. Isomorphic choices of Pa or
of a representative T give isomorphic trivializations. In order to verify that LG is a
diffeological principal A-bundle over LX, it remains to check that the map
τ : LG ×A // LG ×LX LG : (T , a)
✤ // (T ,T ⊗ Pa)
is a diffeomorphism. This is straightforward and left as an exercise. Summarizing, we
have constructed a principal A-bundle LG over LX from a diffeological bundle gerbe G
with connection.
We also want to transgress morphisms between bundle gerbes. If A : G1 // G2 is a
1-isomorphism, we define
LA : LG1 // LG2 : T
✤ // T ◦ A−1.
This is well-defined, fibre-preserving and A-equivariant. In order to prove that LA is
smooth, one considers a plot c : U // LG1 and proves in a straightforward way that
c′ := LA ◦ c is a plot of LG2. The compatibility with composition, identities and
2-isomorphisms can literally be taken from [Wal10, Proposition 3.1.3].
Summarizing this section, we have constructed a functor
L : h1DiffGrb
∇
A(X) // DiffBunA(LX).
[Wal10, Proposition 3.1.4] shows that L is monoidal. Furthermore, it is natural with
respect to smooth maps, see [Wal10, Eq. 3.1.4].
4.2 The Fusion Product
In this section we define a fusion product on LG. Consider a triple (γ1, γ2, γ3) ∈ PX
[3],
and the loops τij := l(γi, γj), for ij ∈ {12, 23, 13}. Let Tij : τ
∗
ijG
// I0 be trivializations
over these three loops. Consider the two maps ι1, ι2 : [0, 1] // S
1 defined by ι1(t) :=
1
2 t
and ι2(t) := 1−
1
2 t. We define a relation ∼G with
(T12,T23) ∼G T13 (4.2.1)
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if and only if there exist 2-isomorphisms
φ1 : ι
∗
1T12
+3 ι∗1T13 , φ2 : ι
∗
2T12
+3 ι∗1T23 and φ3 : ι
∗
2T23
+3 ι∗2T13 (4.2.2)
between trivializations of bundle gerbes over the interval [0, 1] such that
φ1|0 = φ3|0 • φ2|0 and φ1|1 = φ3|1 • φ2|1. (4.2.3)
These are equations between restrictions (i.e. pullbacks) of the 2-isomorphisms (4.2.2) to
the points 0 and 1 in [0, 1], respectively. The symbol “•” denotes the vertical composition
of 2-isomorphisms in the 2-groupoid DiffGrb∇A(X). Below we prove that the relation ∼G
is the graph of a (unique) fusion product λG on LG, i.e.
λG(T12 ⊗ T23) = T13 if and only if (T12,T23) ∼G T13.
Before that we mention that the fusion product λG extends the transgression functor
L from the previous section to a functor
L : h1DiffGrb
∇
A(X)
// FusBunA(LX). (4.2.4)
Indeed, that a morphism LA : LG1 // LG2 is fusion-preserving follows by composing
the 2-isomorphisms (4.2.2) horizontally from the right with the 2-isomorphisms idA−1 .
Similarly, one checks that the new functor (4.2.4) is still monoidal and natural in M .
Now we prove that the relation ∼G defines a fusion product on LG. We will be very
detailed since this fusion product has – so far as I know – not been described anywhere
else. However, in all calculations that involve λG we only use the relation ∼G ; thus it is
well possible to skip the following and to continue reading with Section 4.3.
We need the following lemma about 1-isomorphisms and 2-isomorphisms between
gerbes over points and intervals. We denote the trivial principal A-bundle with the
trivial flat connection by I0, and denote by ma its automorphism that simply multiplies
with an element a ∈ A.
Lemma 4.2.1. Let W be a contractible smooth manifold. Let G1 and G2 be diffeological
A-bundle gerbes with connection over W , and let A, B : G1 // G2 be 1-isomorphisms.
(a) There exists a 2-isomorphism ϕ : A +3 B.
(b) If ϕ1 and ϕ2 are 2-isomorphisms, there is a unique a ∈ A such that ϕ2 = ϕ1 ⊗ma.
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Proof. We recall that the category Hom(G1,G2) of 1-isomorphisms and 2-isomorphisms
between G1 and G2 is a torsor category over the category Bun
∇0
A (W ) of flat principal
A-bundles over W (see Lemma 3.1.6 (iii)). The claims follow then from the fact that
the functor BA // Bun∇0A (W ) that sends the single object of BA to I0 and a morphism
a ∈ A to ma, is an equivalence of categories. 
Now we proceed in four steps.
First step. We show that the relation ∼G is the graph of a map
λG : e
∗
12LG × e
∗
23LG // e
∗
13LG.
Let trivializations T12 and T23 be given. We have to show that:
1. there exists a trivialization T13 such that (T12,T23) ∼G T13.
2. two trivializations T13 and T
′
13 with that property are 2-isomorphic.
To see 1., choose some T13 and any 2-isomorphisms φi as in (4.2.2). These exist because
of Lemma 4.2.1 (a). The identities (4.2.3) may not be satisfied. The error can by Lemma
4.2.1 (b) be expressed by group elements ak ∈ A, for k = 0, 1, say φ1|k⊗mak = φ3|k•φ2|k.
Pick a principal A-bundle P over S1 with global holonomy a−10 a1. Then, we have
(T12,T23) ∼G T13 ⊗ P , (4.2.5)
which shows the existence.
In order to see 2., we consider two trivializations T13 and T
′
13 satisfying (T12,T23) ∼G
T13 and (T12,T23) ∼G T
′
13. This means we have triples (φ1, φ2, φ3) and (φ
′
1, φ
′
2, φ
′
3) of
2-isomorphisms both satisfying the identity (4.2.3). We may assume φ2 = φ
′
2 after
possibly changing the maps φi. Let P be a principal A-bundle over S
1 that represents
the difference between T13 and T
′
13 in terms of a 2-isomorphism ϕ : T13 ⊗ P
+3 T ′13.
We claim that P is isomorphic to the trivial bundle over S1, so that T13 ∼= T
′
13. Indeed,
for the pullbacks of ϕ along ι1 and ι2 we obtain flat trivializations tk : ι
∗
kP
// I0 by
requiring the diagrams
ι∗1T13 ⊗ ι
∗
1P
ι∗1ϕ +3
φ−11 ⊗id

ι∗1T
′
13
φ′−11

ι∗1T12 ⊗ ι
∗
1P id⊗t1
+3 ι∗1T12
and
ι∗2T13 ⊗ ι
∗
2P
ι∗2ϕ +3
φ−13 ⊗id

ι∗2T
′
13
φ′−13

ι∗2T23 ⊗ ι
∗
2P id⊗t2
+3 ι∗2T23
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to commute. Restricting these diagrams in turn to the points k = 0, 1, and using the
identities (4.2.3) one obtains commutative diagrams
T12|k ⊗ P |k
t1|k +3
φ2|k⊗id

T12|k
φ2|k

T23|k ⊗ P |k
id⊗t2|k
+3 T23|k
for k = 0, 1. These show that t1|k = t2|k for both k = 0, 1. This means for the holonomy
of P that HolP (S
1) = 1, which implies P ∼= I0.
Second step. We show that λG respects the A-action on LG in the sense that for T12
and T23 trivializations, and a12, a23 ∈ A,
λG(T12 · a12,T23 · a23) = λG(T12,T23) · a12 · a23. (4.2.6)
This implies simultaneously that λG descends to the tensor product e
∗
12LG ⊗ e
∗
23LG, and
that it is there A-equivariant. To prove (4.2.6), let P12 and P23 be principal A-bundles
with connections over S1 of holonomy a12 and a23, respectively. Further, we choose a
trivialization T13 such that (T12,T23) ∼G T13, together with 2-isomorphisms φ1, φ2 and
φ3 satisfying (4.2.3). It is to show that
(T12 ⊗ P12,T23 ⊗ P23) ∼G T13 ⊗ P12 ⊗ P23. (4.2.7)
Indeed, let t : ι∗1P23
// I0 and s : ι
∗
2P12
// I0 be flat trivializations. Then, the
2-isomorphisms
φ′1 := φ1 ⊗ t
−1 , φ′2 := φ2 ⊗ s ⊗ t
−1 and φ′3 := φ3 ⊗ s
−1
satisfy (4.2.3) and thus prove (4.2.7).
Third step. We show that λG is smooth. We start with a plot c : U // e
∗
12LG×e
∗
23LG,
and have to show that λG ◦ c : U // e
∗
13LG is again a plot. Consider the projection
U
c // e∗12LG × e
∗
23LG
// PX [3]
e13 // PX [2]
l // LX, (4.2.8)
which is a plot of LX. Since the projection p : LG // LX is a subduction, every
point u ∈ U has an open neighborhood W such that the restriction of (4.2.8) to W
lifts to a plot c13 : W // e
∗
13LG. Consider the plots c12 : W
// e∗12LG and
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c23 : W // e
∗
23LG obtained from c by the projections to the factors and restriction
to W . The definition of the diffeology on LG allows us to assume (after a possible
refinement of W to a contractible open neighborhood of u) that the plots cij of e
∗
ijLG
are defined by trivializations Tij of the pullbacks of G to W × S
1. Now we work like in
Step one. By Lemma 4.2.1 there exist 2-isomorphisms
φ1 : ι
∗
1T12 +3 ι
∗
1T13 , φ2 : ι
∗
2T12 +3 ι
∗
1T23 and φ3 : ι
∗
2T23 +3 ι
∗
2T13
of trivializations over W × [0, 1], for which the identities (4.2.3) are satisfied up to an
error captured by elements ak ∈ A. For P a principal A-bundle over S
1 with holonomy
a−10 a1, consider the new trivialization T
′
13 := T13 ⊗ pr
∗
2P , where pr2 : W × S
1 // S1
is the projection. We claim that the map c′13 : W
// e∗13LG : w
✤ // ι∗wT13 is (a) a
plot of e∗13LG, and (b) equal to the composition λG ◦ c. Indeed, (a) is clear since this is
exactly the definition of plots of LG, and (b) follows from checking the identities (4.2.3)
point-wise using the argument of step one.
Fourth step. We check that λG is associative. We assume in the obvious notation
trivializations T12, T23 and T34. We assume further trivializations T13, T14 and T24 such
that (T12,T23) ∼G T13, (T13,T34) ∼G T14 and (T23,T34) ∼G T24. We have to show that
(T12,T24) ∼G T14. (4.2.9)
Employing the definition of the relation ∼G , we have for (ijk) ∈ {(123), (134), (234)}
2-isomorphisms
φijk1 : ι
∗
1Tij
+3 ι∗1Tik , φ
ijk
2 : ι
∗
2Tij
+3 ι∗1Tjk and φ
ijk
3 : ι
∗
2Tjk
+3 ι∗2Tik (4.2.10)
satisfying (4.2.3) for each (ijk). Like in Step one, we may assume that φ2342 = φ
134
2 ◦φ
123
2 .
Then, consider the 2-isomorphisms
φ1241 := φ
134
1 • φ
123
1 , φ
124
2 := φ
124
1 • φ
123
2 and φ
124
3 := φ
134
3 • (φ
124
3 )
−1. (4.2.11)
They satisfy (4.2.3) and hence prove (4.2.9).
4.3 The Superficial Connection
In this section we define a connection on LG. We restrict ourselves to a smooth manifold
M instead of a general diffeological space. We first give an interpretation of the holonomy
AG for surfaces with boundary defined in Section 3.3 in terms of the principal A-bundle
– 36 –
LG. Then we use AG to define a connection on LG. The discussion follows [Bry93,
Section 6.2].
Suppose Σ is a compact oriented surface with boundary divided into components
b1, ..., bn, and suppose fi : S
1 // Σ are smooth, orientation-preserving parameteriza-
tions of bi. We denote byD
∞(Σ,M) the diffeological space of smooth maps φ : Σ // M .
Consider the smooth maps
ci : D
∞(Σ,M) // LM : φ ✤ // φ ◦ fi
and the diffeological space
PΣ := c
∗
1LG ×D∞(Σ,M) ... ×D∞(Σ,M) c
∗
nLG
A point in PΣ is a smooth map φ : Σ // M and for each i = 1, ..., n an isomorphism
class of trivializations Ti : ci(φ)
∗G // I0. Applying the holonomy for surfaces with
boundary point-wise, we obtain a map
AG : PΣ // A.
Here we have already used that AG(φ,T1, ...,Tn) only depends on the isomorphism classes
of the trivializations, see Lemma 3.3.2 (a).
Lemma 4.3.1. The map AG is smooth.
For A = U(1) and with a Fre´chet manifold structure on PΣ, this is essentially [Bry93,
Theorem 6.2.4]. The adaption to the general group A and the diffeological setting is
straightforward and left out for brevity.
We use the smooth map AG to equip the principal A-bundle LG over LM with a con-
nection. Using a general theory developed in [SW09, Wal] and summarized in Appendix
A, one can define a connection on LG by specifying a smooth function F : PLG // A
obeying two conditions: the first condition is that F is an object in a certain category
Fun(LG, A) which is isomorphic to a category of a-valued 1-forms on LG. The second
condition is the usual condition for connection 1-forms. The relation between a connec-
tion defined in this way and the map F is as follows: if γ ∈ PLM is a path, γ˜ ∈ PLG is
a lift of γ to LG, and q := γ˜(0), then the parallel transport τγ of the connection defined
by F satisfies
τγ(q) = γ˜(1) · F (γ˜). (4.3.1)
In the following we define such a map F . Let γ˜ ∈ PLG be a path with a projection
γ ∈ PLM , and with an adjoint map γ∨ : C0,1 // M , where Ct1,t2 := [t1, t2] × S
1 is
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the standard cylinder. Cylinders will always be oriented such that the orientation of the
end-loop t ✤ // (t2, t) coincides with the induced orientation on the boundary. We put
F (γ˜) := AG(γ, γ˜(0), γ˜(1)).
In order to prove that F is an object in the category Fun(LG, A) we have to check
three conditions. First we infer from Lemma 3.3.2 (b) that F (γ˜) only depends
on the thin homotopy class of the map γ∨ : C0,1 // M , and thus by Remark
2.2.4 only on the thin homotopy class of γ ∈ PLM . Secondly, since the map
PLG // PC0,1 : γ˜
✤ // (φ(γ), γ˜(0), γ˜(1)) is smooth, F is with Lemma 4.3.1 a composi-
tion of smooth maps and thus smooth. The third condition concerns the compatibility
of F with the composition of paths.
Suppose γ˜1 and γ˜2 are composable paths in LG. Since we have orientation-preserving
diffeomorphisms ϕ1 : C0,1/2 // C0,1 and ϕ2 : C1/2,1 // C0,1, the diffeomorphism
invariance of AG (see Lemma 3.3.2 (d)) implies
F (γ˜1) = AG(γ1, γ˜1(0), γ˜1(1)) = AG(γ1 ◦ ϕ1, γ˜1(0), γ˜1(1))
F (γ˜2) = AG(γ2, γ˜2(0), γ˜2(1)) = AG(γ2 ◦ ϕ2, γ˜2(0), γ˜2(1)).
Since γ˜1(1) = γ˜2(0), the gluing property (Lemma 3.3.2 (c)) implies
F (γ˜2 ⋆ γ˜1) = F (γ˜2) · F (γ˜1).
All this proves that F is an object in the groupoid Fun(LG, A), and thus defines a
Lie-algebra valued 1-form ωG ∈ Ω
1
a(LG).
Proposition 4.3.2. The 1-form ωG ∈ Ω
1
a(LG) is a connection on LG. Its holonomy
around a loop τ ∈ LLM is inverse to the surface holonomy of G around the associated
torus τ∨ : S1 × S1 // M . Its curvature is given by
curv(ωG) = −
∫
S1
ev∗curv(G) ∈ Ω2a(LG).
Proof. In terms of the groupoid Fun(A,G), the condition that the 1-form ωG defined
by the object F is a connection is
g(1) · F (γ˜g) = F (γ˜) · g(0) (4.3.2)
for all g ∈ PA and γ˜ ∈ PLG (see Appendix A). Let P0 and P1 be principal A-bundles
over S1 with holonomies g(0) and g(1), respectively. Then, we compute with Lemma
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3.3.2 (a)
F (γ˜g) = AG(γ, (γ˜g)(0), (γ˜g)(1)) = AG(γ, γ˜(0) ⊗ P0, γ(1) ⊗ P1)
= AG(γ, γ˜(0), γ(1)) · g(1)
−1 · g(0).
This shows (4.3.2). Comparing the parallel transport prescription (4.3.1) with the defi-
nition of holonomy in diffeological bundles [Wal, Definition 3.2.11], we see that
HolLG(τ) = HolG(τ
∨)−1,
for loops τ ∈ LLX, as claimed. The formula for the curvature can be deduced from the
fact that the curvature is determined by the holonomy. 
We infer from Propositions 3.3.1, 4.3.2 and Lemma 3.3.2 (b):
Corollary 4.3.3. The connection ωG on LG is superficial.
In remains to prove that the two conditions relating connections with fusion products
are satisfied. The first condition is:
Proposition 4.3.4. The connection ωG on LG is compatible with the fusion product λG.
Proof. It suffices to prove that the fusion product commutes with parallel transport
along paths Γ ∈ P (PM [3]), i.e.
τγ13(λG(T12,T23)) = λG(τγ12(T12), τγ23(T23))
where γij := P (l ◦ eij)(Γ) ∈ PLM . We recall from the definition of the connection ωG
that T ′ij = τγij (Tij) means that
Aij := AC(γij ,Tij ,T
′
ij) = 1. (4.3.3)
We pick trivializations T ′12 and T
′
23 satisfying (4.3.3), i.e. A12 = A23 = 1, and choose T
′
13
such that λG(T
′
12,T
′
23) = T
′
13. Then it remains to show that A13 = 1.
We use the notation C = [0, 1] × S1 and Q := [0, 1] × [0, 1]. Consider the maps
ιk : Q // C defined by ι1(t, s) := (t, e
iπs) and ι2(t, s) := (t, e
−iπs) that reproduce for
fixed t the maps ι0, ι1 from Section 4.2. We choose triangulations T12, T23 and T13 of C
in such a way that ι∗1T12 = ι1T13, ι
∗
2T12 = ι
∗
1T23 and ι
∗
2T23 = ι
∗
2T13 and such that Tij is
subordinated to the open cover γ−1ij U , for U an open cover of M for which we have a
Deligne cocycle c for the bundle gerbe G. Such triangulations can easily be constructed
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from three appropriate triangulations of Q. We further choose Deligne 1-cochains t12,
t′12 and t23, t
′
23 and t13, t
′
13 representing the respective trivializations. We claim that
A13 = A12 ·A23, (4.3.4)
which in turn proves that A13 = 1. We recall that each Aij consists of three factors,
namely the Alvarez-Gawe¸dzki-Formula AG(γ∗ijc) and the two boundary contributions
BC(tij) and BC(t
′
ij)
−1. The multiplicativity (4.3.4) holds in fact separately for all three
terms. Indeed AG(γ∗13c) = AG(γ
∗
12c) · AG(γ
∗
23c) is a simple consequence of our choices
of the triangulations. For the boundary parts, it suffices to prove the identity
BC(t13) = BC(t12) · BC(t23), (4.3.5)
which is true whenever Deligne 1-cochains t12, t23 and t13 represent trivializations satis-
fying (T12,T13) ∼G T13. Indeed, the 2-isomorphisms φ1, φ2 and φ3 in the latter relation
determine Deligne 2-cochains h1, h2 and h3 such that
ι∗1β13 = ι
∗
1β12 +D(h1) , ι
∗
1β23 = ι
∗
2β12 +D(h2) and ι
∗
2β13 = ι
∗
2β23 +D(h3)
and the identities (4.2.3) imply that h1(k) = h3(k) · h2(k) for k = 0, 1. Feeding this into
the definition of the boundary terms BC(tij) shows (4.3.5). 
The second condition is:
Proposition 4.3.5. The connection ωG on LG symmetrizes the fusion product λG.
For the proof we need the following formula for the parallel transport in LG
along a certain class of paths obtained from orientation-preserving diffeomorphisms
ϕ : S1 // S1. Notice that each such diffeomorphism is smoothly homotopic to the
identity on S1.
Lemma 4.3.6. Let ϕ : S1 // S1 be an orientation-preserving diffeomorphism, and let
h : [0, 1] // LS1 be a smooth map with h(0) = idS1 and h(1) = ϕ. Let β ∈ LM be a
loop and let T ∈ LG be a trivialization over β. Then, τLβ◦h(T ) = ϕ
∗T .
Proof. The path γ := Lβ ◦h ∈ PLM lifts to LG by putting γ˜(t) := h(t)∗T . Employing
(4.3.1) and the definition of F , we have to show that
AG((Lβ ◦ h)
∨,T , ϕ∗T ) = 1. (4.3.6)
Notice that (Lβ ◦ h)∨ = β ◦ h∨, so that we have a trivialization S := (h∨)∗T of G over
the whole surface C0,1. Moreover, S|{0}×S1 = T and S|{1}×S1 = ϕ
∗T . It follows that all
factors in the holonomy formula (3.3.6) vanish. This proves (4.3.6). 
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Proof of Proposition 4.3.5. With Lemma 4.3.6 applied to ϕ = rπ, the rotation by an
angle of π, the condition of Definition 2.1.5 is
r∗πλG(T12,T23) = λG(r
∗
πT23, r
∗
πT12). (4.3.7)
In order to show that this is true, let us choose T13 such that (T12,T23) ∼G T13, together
with 2-isomorphisms φ1, φ2 and φ3 satisfying the identities (4.2.3). We claim that
(r∗πT23, r
∗
πT12) ∼G r
∗
πT13; this proves (4.3.7). We use the commutative diagram
[0, 1]
ι1 //
a

S1
rπ

[0, 1] ι2
// S1,
in which a(t) := 1− t. It allows us to define new 2-isomorphisms
φ′1 := a
∗φ3 : ι
∗
1r
∗
πT23 +3 ι
∗
1r
∗
πT13 , φ
′
2 := a
∗φ−12 : ι
∗
2r
∗
πT23 +3 ι
∗
1r
∗
πT12
and φ′3 := a
∗φ1 : ι
∗
2r
∗
πT12
+3 ι∗2r
∗
πT13.
These satisfy the identities (4.2.3), and so prove the claim. 
Summarizing, the fusion bundle (LG, λG) comes with a compatible, symmetrizing and
superficial connection. We leave it as an exercise to check that ωG is compatible with the
tensor product, that it is natural in M , and that the isomorphisms LA : LG1 // LG2
are connection-preserving. This completes the definition of the transgression functor
T
∇ : h1DiffGrb
∇
A(M) // FusBun
∇
A
sf(LM).
Remark 4.3.7. Let us recover the equivariant structure on LG of Brylinski and
McLaughlin [Bry93, BM94]. Their observation is the following: for Diff+(S1) the group
of orientation-preserving diffeomorphisms of S1,
E˜ : Diff+(S1) × LG // LG : (ϕ,T ) ✤ // ϕ∗T
defines an equivariant structure on LG. By inspection and Lemma 4.3.6 one checks that
the equivariant structure E˜ coincides with the equivariant structure E obtained from
the superficial connection ωG via Proposition 2.2.5.
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5 Regression
In this section we define the regression functor
R
∇
x : FusBun
∇
A
sf(LX) // DiffGrb∇A(X)
for a general connected diffeological space X with base point x ∈ X. We first construct
an underlying functor in a setup without connections, and then promote it to the setup
with connection. In Section 5.3 we derive formulas for the surface holonomy of a gerbe
in the image of Rx.
5.1 Reconstruction of Bundle Gerbes
Suppose π : Y // X is a subduction. Let ProdBunA(Y
[2]) denote the groupoid of
principal A-bundles over Y [2] with products in the sense of Definition 2.1.1. A functor
F : ProdBunA(Y
[2]) // h1DiffGrbA(X)
is defined as follows. To a principal A-bundle P over Y [2] with product λ it assigns the
obvious diffeological bundle gerbe F(P ): its subduction is π : Y // X, its bundle is P
and its product is λ. To a product-preserving isomorphism ϕ : P1 // P2 it assigns a
1-isomorphism
F(ϕ) : F(P1) // F(P2).
As an isomorphism between bundle gerbes [Wal07, Definition 2], F(ϕ) consists of a
subduction ζ : Z // Y [2], a principal A-bundle Q over Z, and a bundle isomorphism
α : π∗13P1 ⊗ ζ
∗
2Q // ζ
∗
1Q ⊗ π
∗
24P2
over Z [2] = Z ×X Z, where ζi : Z
[2] // Z denote the two projections. Moreover,
α is required to be compatible with the products λ1 and λ2. To define F(ϕ), we put
Z := Y [2], ζ := id, and Q := P2. The isomorphism α is
π∗13P1 ⊗ π
∗
34P2
π∗13ϕ⊗id // π∗13P2 ⊗ π
∗
34P2
π∗134λ2 // π∗14P2
π∗124λ
−1
2 // π∗12P2 ⊗ π
∗
24P2.
The compatibility condition with λ1 and λ2 follows from the fact that ϕ is product-
preserving. For two composable, product-preserving isomorphisms ϕ : P1 // P2 and
ψ : P2 // P3, a “compositor” 2-isomorphism F(ψ) ◦ F(ϕ) +3 F(ψ ◦ ϕ) can be con-
structed from the product of P3. This shows that F is a functor.
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Now we consider the subduction ev1 : PxX // X : γ
✤ // γ(1). The functor
FusBunA(LX)
l∗ // ProdBunA(PxX
[2])
F // h1DiffGrbA(X) (5.1.1)
defines the regression functor Rx in a setup without connections.
5.2 Reconstruction of Connections
Let P be a fusion bundle with a compatible and superficial connection (it does not have
to be symmetrizing for the construction of the regression functor). Compatibility implies
that the diffeological A-bundle gerbe Rx(P ) = F(l
∗P ) is already equipped with one part
of a connection, namely with a connection on its bundle l∗P . In order to complete it to
a gerbe connection, it remains to construct a curving: a 2-form BP ∈ Ω
2
a(PxX) such
that
pr∗2BP − pr
∗
1BP = curv(l
∗P ). (5.2.1)
In the following we construct this 2-form using Theorem A.1, which is the 2-
dimensional analog of the method we have used in Section 4.3 to define a connection
1-form on LG. As explained in more detail in Appendix A, a bigon Σ in a diffeological
space W is a path Σ : [0, 1] // PW in the space of paths (with fixed endpoints) in
W . The space of bigons in W is denoted by BW . In order to use Theorem A.1 we first
construct a smooth map
GP : B(PxX) // A.
From a given a bigon Σ ∈ B(PxX) (see Figure 1) and t ∈ [0, 1] we extract three paths:
Σo(t) := Σ(0)(t) , Σu(t) := Σ(1)(t) and Σm(t) := P evt(Bev1(Σ)) (5.2.2)
where ev1 : PxX // X and evt : PX // X are evaluation maps, and P evt and
Bev1 are the maps induced on spaces of paths and spaces of bigons, respectively. More
explicitly, the third path is given by Σm(t)(σ) = Σ(σ)(t)(1). The endpoints of these
three paths are:
ev(Σo(t)) = (x,Σ(0)(t)(1)) , ev(Σu(t)) = (x,Σ(1)(t)(1))
and ev(Σm(t)) = (Σ(0)(t)(1),Σ(1)(t)(1)).
This allows us to define a map
γΣ : [0, 1] // LX : t
✤ // l(Σm(t) ⋆ Σo(t), id ⋆ Σu(t)),
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xΣ
x
Σo(t)
Σu(t) Σm(t)
Figure 1: The picture on the left shows a bigon Σ in PxX: it
can be regarded as a bigon in X, which has for each of its points
a chosen path connecting x with that point. The picture on the
right shows the three paths associated to a bigon Σ and t ∈ [0, 1].
which is smooth as the composition of smooth maps, and has sitting instants because
the bigon Σ has (by definition) appropriate sitting instants. Thus, γΣ ∈ PLX. For
β0 := Σ(0)(0) ∈ PxX and β1 := Σ(1)(1) ∈ PxX, the path γΣ starts at τ0 := l(id⋆β0, id⋆β0),
and ends at τ1 := l(id ⋆ β1, id ⋆ β1). We recall from Lemma 2.1.4 that over the points
τ0, τ1 ∈ LX the bundle P has distinguished points can0 ∈ Pτ0 and can1 ∈ Pτ1 . Now we
define GP (Σ) ∈ A by
τγΣ(can0) = can1 ·GP (Σ),
where τγΣ denotes the parallel transport in P along the path γΣ.
Before we proceed we shall give an alternative formulation of GP (Σ). We consider the
map [0, 1] // BPxM : σ
✤ // Σσ defined by Σσ(s) := Σ(σφ(s)), where φ is a smoothing
function assuring that each Σσ has appropriate sitting instants. We obtain a smooth
map h : [0, 1]2 // LX defined by h(σ, t) := γΣσ(t).
Lemma 5.2.1. We have
GP (Σ) = exp
(
−
∫
[0,1]2
h∗curv(P )
)
.
In particular, GP (Σ) depends only on the curvature of P .
Proof. The map h is a homotopy with fixed endpoints between the path oΣ ∈ PLX
defined by oΣ(t) := l(id ⋆ Σ
o(t), id ⋆ Σo(t)) and γΣ. Stokes’ Theorem implies
τoΣ(can0) = τγΣ(can0) · exp
(∫
[0,1]2
h∗curv(P )
)
.
But the path oΣ factors through PX // PX
[2] // LX, i.e. through the domain of
the flat section can : PX // P . Thus, τoΣ(can0) = can1. This shows the claim. 
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Now we come to the main point of the construction of the map GP .
Lemma 5.2.2. The map GP : BPxX // A satisfies the conditions of Theorem A.1.
Proof. We check the following four conditions:
1.) GP : BPxX // A is smooth. This is straightforward and left out for brevity.
2.) GP is constant on thin homotopy classes of bigons. Suppose that h ∈ PBPxX
is a thin homotopy between bigons Σ and Σ′. By definition, this is a path in BPxX
with h(0) = Σ and h(1) = Σ′, such that the adjoint map h∨ : [0, 1]3 // PxX
has rank two and the maps ho, hu : [0, 1]2 // PxX defined by h
o(s, t) := h∨(s, 0, t)
and hu(s, t) := h∨(s, 1, t) have rank one. Further, it keeps the “endpoints” fixed, i.e.
h(t)(0, 0) = β0 and h(t)(1, 1) = β1 for all t ∈ [0, 1], in the notation of Section 5.2. Notice
that Pγ(h) ∈ PPLX is a homotopy between the paths γΣ and γΣ′ with fixed “end
points” τ0 and τ1. One checks that its adjoint has rank two; thus, since our connection
is superficial, we have τγΣ = τγΣ′ by Lemma 2.2.3 and hence GP (Σ) = GP (Σ
′).
3.) GP respects the vertical composition of bigons. We consider two vertically
composable bigons Σ1,Σ2 ∈ BPxX, i.e. Σ
u
1(t) = Σ
o
2(t). We define the path
β : [0, 1] // PX [3] : t ✤ // (Σm1 (t) ⋆ Σ
o
1(t), id ⋆ Σ
u
1(t),Σ
m
2 (t) ⋆ Σ
u
2(t)),
and find the relations
Pl(Pe12(β)) ∼ γΣ1 , Pl(Pe23(β)) ∼ γΣ2 and Pl(Pe13(β)) ∼ γΣ2•Σ1 ,
where “∼” indicates a rank-two-homotopy between the adjoint maps [0, 1] ×S1 // X.
The rank-two homotopies ensure that the superficial connection on P has equal parallel
transport maps along the respective paths. Using that the connection on P is compatible
with the fusion product λ, we obtain a commutative diagram
Pτ0 ⊗ Pτ0
λ //
τγΣ1
⊗τγΣ2

Pτ0
τγΣ2•Σ1

Pτ1 ⊗ Pτ1 λ
// Pτ1 .
Since we have λ(cank ⊗ cank) = cank for k = 0, 1, this implies
can1 ·GP (Σ2 • Σ1) = τγΣ2•Σ1 (can0) = τγΣ1 (can0) ⊗ τγΣ2 (can0)
= λ(can1 ·GP (Σ) ⊗ can1 ·GP (Σ
′)) = can1 ·GP (Σ) ·GP (Σ
′),
showing that GP respects the vertical composition.
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4.) GP respects the horizontal composition of bigons. If Σ1,Σ2 ∈ BPxX are hor-
izontally composable bigons, we have the simple relation γΣ2⋆Σ1 = γΣ2 ⋆ γΣ1 , which
immediately implies the required condition: GP (Σ2 ⋆ Σ1) = GP (Σ1) ·GP (Σ2). 
Thus, by Theorem A.1, there exists a unique 2-form BP ∈ Ω
2
a(PxX) such that
GP (Σ) = exp
(
−
∫
[0,1]2
Σ∗BP
)
for all Σ ∈ BPxX. That this 2-form BP is a curving for the bundle gerbe F(l
∗P ) is the
content of the next lemma:
Lemma 5.2.3. The 2-form BP satisfies the identity (5.2.1).
Proof. Consider Z := l∗P = PxX
[2]
l ×p P with its two projections p : Z // PxX
[2]
and l˜ : Z // P . The identity (5.2.1) we have to prove is an equation over PxX
[2], but
we can equivalently check its pullback along the subduction p, which is
p∗pr∗2BP − p
∗pr∗1BP = l˜
∗dωP , (5.2.3)
where ωP is the connection 1-form on P .
Let F : PP // A be the smooth map corresponding to ωP (see Appendix A). Look-
ing at (A.3) we see that (5.2.3) is true if and only if l˜∗F is a 1-morphism in 2-Fun(Z,A)
going from p∗pr∗2GP to p
∗pr∗GP . This means, in turn, that Equation (A.2) must be
satisfied:
F (ΣP (1)) ·G(Σ1) = G(Σ2) · F (ΣP (0)), (5.2.4)
where we have written ΣP := Bl˜(Σ) ∈ BP and Σi := Bpri(Bp(Σ)) ∈ BPxX for i = 1, 2.
We consider two paths τu, τ o in LX (see Figure 2). They are given by
τ o(t) := l(Bp(Σ)(0)(t)) and τu(t) := l(Bp(Σ)(1)(t)).
They start both at a common loop κ0 and end at a common loop κ1. Below we prove
(5.2.4) by showing in two steps that
F (ΣP (0)) · F (ΣP (1))
−1 = HolP (τu ⋆ τ
o)−1 = G(Σ1) ·G(Σ2)
−1. (5.2.5)
For the equality on the left hand side of (5.2.5) we use the following general fact: if
γ ∈ LY is a loop in some diffeological space Y , P is a principal A-bundle with connection
over Y , and γ lifts to a loop γ˜ ∈ LP , then HolP (γ) = F (γ˜)
−1, where F : PP // A is
the smooth map that corresponds to the connection. Here, with Y = LX, we have
F (ΣP (0)) · F (ΣP (1))
−1 = F (ΣP (1) ⋆ ΣP (0)) = HolP (τu ⋆ τ
o)−1,
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x
Σ
x
κ0
τ o(t)
κ1
τu(t)
Figure 2: On the left is a bigon in PxX
[2]: it can be seen as a
bigon in X which has for each of its points two paths connecting
it with the base point x. On the right it is shown how such pairs
of paths can be combined to a loop.
where the first equality is the functorality of F , and the second is the above mentioned
general fact in combination with the definitions of τ o, τu and ΣP .
For the equality on the right hand side of (5.2.5) we use the reformulation of GP
in terms of the curvature of P given by Lemma 5.2.1. We consider the smooth map
β : [0, 1]2 // PX [4] given by
β(s, t) := (id ⋆ Σ1(s, t) , Σ
m
1,s(t) ⋆ Σ
o
1(t) , Σ
m
2,s(t) ⋆ Σ
o
2(t) , id ⋆ Σ2(s, t)).
Here, Σi,σ the bigon defined by Σi,σ(s, t) := Σi(σφ(s), t), where φ is a smoothing function.
The four components of β(s, t) are paths starting at x and ending at Σ1(s, t)(1) =
Σ2(s, t)(1). Over PX
[4], we infer from the fact that the fusion product is connection-
preserving the formula
e∗12curv(P ) + e
∗
23curv(P ) + e
∗
34curv(P ) = e
∗
14curv(P ), (5.2.6)
as well as e∗ijcurv(P ) = −e
∗
jicurv(P ). Now we pull (5.2.6) back along β to [0, 1]
2 and
integrate. To abbreviate the notation, we write
Cij := exp
(∫
[0,1]2
β∗e∗ijcurv(P )
)
.
We identify the four terms as follows.
(i) With Lemma 5.2.1, we see that C12 = GP (Σ1) and C34 = GP (Σ2)
−1.
(ii) Consider for a general diffeological space Y the map ∂ : BY // LY that sends a
bigon Σ ∈ BY to the loop ∂Σ := Σ(0) ⋆Σ(1), which goes counter-clockwise around
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Σ [SW11, Section 3.2]. By Stokes’ Theorem, we have C23 = HolP (∂(e23◦β)), where
Y = LX in this case. Consider the family of bigons h ∈ PBLX defined by
h∨ : [0, 1]3 // LX : (σ, s, t) ✤ // l(Σm1,σs(t) ⋆ Σ
o
1(t) , Σ
m
2,σs(t) ⋆ Σ
o
2(t)),
which is a rank two map. Thus, P∂(h) ∈ PLLX is a homotopy between a loop
P∂(h)(0) ∈ LLX and ∂(e23 ◦ β). Notice that P∂(h)(0) is a thin loop. Thus, since
the connection P is superficial,
C23 = HolP (∂(e23 ◦ β)) = HolP (P∂(h)(0)) = 1.
(iii) Similar to (ii), we apply Stokes’ Theorem and have C14 = HolP (∂(e14 ◦ β)). Here,
the loop ∂(e14 ◦ β) is rank-two-homotopic to the loop τ o ⋆ τ
u. Thus,
C14 = HolP (∂(e14 ◦ β)) = HolP (τ o ⋆ τ
u). (5.2.7)
Identifications (i), (ii) and (iii) together with (5.2.6) show that
GP (Σ1) ·GP (Σ2)
−1 = HolP (τu ⋆ τ
o)−1.
This is the second part of the proof of (5.2.5). 
This completes the construction of a connection on F(l∗P ), and we denote by R∇x (P )
the resulting diffeological A-bundle gerbe with connection. Notice that Lemma 5.2.1
implies one part of Corollary C:
Proposition 5.2.4. If the connection on P is a flat, the bundle gerbe R∇x (P ) is flat.
It remains to discuss the functorality of the connection on regressed bundle gerbes.
Suppose ϕ : P1 // P2 is an isomorphism between fusion bundles with connection. We
have to equip the 1-isomorphism Rx(ϕ) = F(l
∗ϕ) with a connection compatible with the
connections on R∇x (P1) and R
∇
x (P2). Since the principal A-bundle of the 1-isomorphism
Rx(ϕ) is l
∗P2, it has already a connection, and its isomorphism (which is a composition
of λ2 and ϕ) is connection-preserving. It remains to check the condition for the curvings:
pr∗2(BP2)− pr
∗
1(BP1) = curv(l
∗P2). (5.2.8)
Indeed, since P1 and P2 are isomorphic as fusion bundles with connection, they have
the same curvature and thus BP1 = BP2 by Lemma 5.2.1. But then, (5.2.8) coincides
with (5.2.1) for P2 and is hence proved by Lemma 5.2.3. Thus we have defined a 1-
isomorphism R∇x (ϕ) in the 2-category DiffGrb
∇
A(X).
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Finally, we have to check that the connections on the 1-isomorphisms R∇x (ϕ) com-
pose well, i.e. that the “compositor” 2-isomorphism R∇x (ψ) ◦ R
∇
x (ϕ) +3 R
∇
x (ψ ◦ ϕ)
associated to isomorphisms ϕ : P1 // P2 and ψ : P2 // P3 is connection-preserving.
This condition only concerns the connections on the bundles (not the 2-forms BPi),
and it follows from the condition that ψ and the fusion product λ3 are connection-
preserving isomorphisms. This finishes the construction of the regression functor R∇x .
It is straightforward to see that all constructions are natural with respect to smooth,
base point-preserving maps.
5.3 Holonomy of the Reconstructed Gerbe
It is interesting to express the surface holonomy of the regressed bundle gerbe R∇x (P )
in terms of the connection and the fusion product on P . Below we provide formulas for
cylinders, discs, and pairs of pants. Combining these by means of the gluing formula of
Lemma 3.3.2 (c) yields the holonomy of a general surface.
The present section is purely complementary; its results are not used anywhere else
in this paper. We work over a connected smooth manifold M . We use some results
developed for the proof of Theorem A in Section 6.2. There, we construct an element
pT ∈ P in the fibre over a loop τ from a given trivialization of τ
∗R∇x (P ), see Lemma
6.2.1. The first computation concerns the surface holonomy of R∇x (P ) around a cylinder.
Proposition 5.3.1. Let γ ∈ PLM be a path and let γ∨ : [0, 1] × S1 // M be its
adjoint map, i.e. γ∨(t, z) := γ(t)(z). Let T0 and T1 be trivializations of R
∇
x (P ) over the
loops γ(0) and γ(1), respectively. Then,
τγ(pT0) = pT1 ·A (γ
∨,T0,T1),
where A is the surface holonomy of R∇x (P ), and τγ is the parallel transport in P .
The proposition is proved by Lemmata 6.2.3 and 6.2.4. Applying Proposition 5.3.1
to a loop in LM , we obtain
Corollary 5.3.2. Let τ ∈ LLM be a loop in LM , and let τ∨ : S1 × S1 // M be its
adjoint map, i.e. τ∨(t, s) = τ(t)(s). Then, HolR∇x (P )(τ
∨) = HolP (τ)
−1.
Next we discuss briefly the surface holonomy of a disc D. Since it is of no further
relevance for this article, we shall only present the result. There is a path δ ∈ PLD –
unique up to rank-two-homotopy – that starts with the constant loop δ(0) := idx at some
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boundary point x ∈ ∂D, and ends with a loop δ(1) which is an orientation-preserving
parameterization of ∂D.
Proposition 5.3.3. Let φ : D // M be a smooth map, let β := Lφ(δ(1)) ∈ LM be the
boundary loop in the parameterization given by the path δ, and let T be a trivialization
of R∇x (P ) over β. Then,
pT ·A (φ,T ) = τPLφ(δ)(can(idφ(x))),
where A (φ,T ) is the surface holonomy of R∇x (P ), τPLφ(δ) is the parallel transport in P
along the path PLφ(δ) ∈ PLM , and can is the canonical section of P over the constant
loops.
The proof of Proposition 5.3.3 is similar as the one of Proposition 5.3.1, and we omit
it for the sake of brevity. As an application, let us compute the surface holonomy of a
2-sphere. In order to apply the gluing formula of Lemma 3.3.2 (c), we choose a simple
loop β : S1 // S2 such that Σ \ im(β) is a disjoint union of two discs Do and Du. We
can arrange the labels and orientations such that Do has the orientation of S2, and the
orientations of both Do and Du induce the one prescribed by β on their boundaries. We
can further chose the base points of Du and Do so that they coincide in S2. A given
smooth map φ : S2 // M restricts to smooth maps φo and φu, and the gluing formula
shows that, for any bundle gerbe G,
HolG(φ) = AG(φ,T ,T ) = AG(φ
o,T ) ·AG(φ
u,T )−1. (5.3.1)
Now consider the two paths δo ∈ PLDo and δu ∈ PLDu that combine to a loop
τ := δu ⋆ δo ∈ LLS2. Proposition 5.3.3 implies:
Corollary 5.3.4. Let φ : S2 // M be a smooth map, and let LLφ(τ) ∈ LLM the loop
associated by the above construction. Then, HolR∇x (P )(φ) = HolP (τ)
−1.
Finally, let us look at a pair of pants. We assume the pair of pants in the standard
form P shown in Figure 3, as a unit disc with two discs removed from its interior.
Let φ : P // M be a smooth map, and let T12,T23 and T13 be trivializations of
φ∗R∇x (P ) over the three boundary components of P. To compute the surface holonomy
A (φ,T12,T23,T13) of R
∇
x (P ), we choose a triple (γ1, γ2, γ3) ∈ PP
[3] of paths in P that
form, in the given terminology, a “string tanga”, see Figure 3. We cut the pair of pants
open along the paths γi, resulting in three cylinders C12, C23 and C13 carrying the
restrictions φij of φ, which we regard as paths φij ∈ PLM .
Proposition 5.3.5. Let φ : P // M be a smooth map, and let paths φij ∈ PLM and
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γ1
γ3γ2
γ1 γ3
γ2
Figure 3: A pair of pants with a “string tanga”, on the left
in a form that explains the terminology and on the right in a
standard form.
trivializations Tij be chosen as described above. Then,
λ(τφ12(pT12) ⊗ τφ23(pT23)) ·A (φ,T12,T23,T13) = τφ13(pT13),
where λ is the fusion product on P , τφij denotes the parallel transport in P , and A is
the surface holonomy of R∇x (P ).
Proof. In order to apply the gluing formula Lemma 3.3.2 (c) to A (φ,T12,T23,T13), we
have to choose trivializations T ′ij over the new boundary components l(Pφ(γi), Pφ(γj)).
We may chose them such that λ(T ′12 ⊗ T
′
23) = T
′
13. We recall that this relation implies
the existence of 2-isomorphisms
φ1 : ι
∗
1T
′
12
+3 ι∗1T
′
13 , φ2 : ι
∗
2T
′
12
+3 ι∗1T
′
23 and φ3 : ι
∗
2T
′
23
+3 ι∗2T
′
13
that satisfy the condition φ1 = φ3 • φ2 over the two common end points of the paths γi.
Feeding this information into the gluing formula, we obtain
A (φ,T12,T23,T13) = A (φ12,T12,T
′
12)
−1 ·A (φ23,T23,T
′
23)
−1 ·A (φ13,T13,T
′
13).
Rewriting the holonomies of φij using Proposition 5.3.1 shows the claim. 
6 Proof of Theorem A
We prove that transgression T ∇ and regression R∇ form an equivalence of categories
by constructing natural equivalences
A : R∇x ◦ T
∇ +3 idh1DiffGrb∇A(M)
and ϕ : T ∇ ◦R∇x
+3 idFusBun∇Asf(LM)
.
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Since the pair (T ∇, R∇x ) forms an equivalence of categories in which T
∇ is monoidal,
it follows that also R∇x is monoidal, and that (T
∇, R∇x ) is a monoidal equivalence as
claimed in Theorem A.
6.1 Regression after Transgression
We have to associate to each diffeological bundle gerbe G with connection over M a
natural 1-isomorphism
AG : R
∇
x (LG)
// G
in the 2-groupoid DiffGrb∇A(M). We proceed in three steps. First we construct the 1-
isomorphism AG in the category DiffGrbA(M), i.e. without connections. In the second
step we add the connections. In the third step we prove that AG is natural in G.
Construction of the Isomorphism AG
We recall that the bundle gerbe Rx(LG) has the subduction ev1 : PxM // M and
over PxM
[2] it has the bundle l∗LG equipped with its product λG . To construct the
1-isomorphism AG we have to specify a subduction ζ : Z // PxM ×M Y . We put
Z := PxM ×M Y and ζ the identity. Next we have to construct a principal A-bundle Q
over Z. We choose a lift y0 ∈ Y of the base point x ∈ M , i.e. π(y0) = x. Consider a
point (γ, y) ∈ Z, i.e. ev(γ) = (x, π(y)). The fibre of the bundle Q over the point (γ, y)
consists of triples (T , t0, t) where T : γ
∗G // I0 is a connection-preserving trivialization.
Explicitly, T has a principal A-bundle T over Yγ := [0, 1] γ ×π Y and an isomorphism
τ : P ⊗ π∗2T
// π∗1T of principal A-bundles over Y
[2]
γ . Further, t0 is an element in T
projecting to the point (0, y0) ∈ Yγ , and t is an element in T projecting to (1, y) ∈ Yγ . We
identify two triples (T , t0, t) and (T
′, t′0, t
′) if there exists a 2-isomorphism ϕ : T +3 T ′
with ϕ(t0) = t
′
0 and ϕ(t) = t
′. The total space Q of the principal A-bundle we are going
to construct is the disjoint union of equivalence classes of triples over all points of Z.
The evident projection is denoted p : Q // Z.
A diffeology on Q is defined similar to the one on LG performed in Section 4.1. A
map c : U // Q is a plot, if the composite p◦ c : U // Z is smooth, and if every point
u ∈ U has an open neighborhood W ⊆ U such that
1. there exists a trivialization T : c∗WG
// Iρ, where cW is given by
[0, 1] ×W
id×p◦c
// [0, 1] × Z
pr
// [0, 1] × PxM
ev //M .
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2. there exist smooth sections sa : W // a∗T and se : W // e∗T , where T is the
principal A-bundle of T , defined over YW := ([0, 1]×W ) cW×π Y , and the smooth
maps a, e : W // YW are defined by
a(w) := (0, w, y0) and e(w) := (1, w, yw),
where yw is the Y -component of p(c(w)) ∈ Z.
3. c(w) = (ι∗wT , s
a(w), se(w)) for all w ∈ W .
Along the lines of the discussion in Section 4.1 one can check that this defines a diffeology
on Q that makes the projection p : Q // Z smooth. The action of A on Q is the action
of A on the element t ∈ T in the triples (T , t0, t). It is straightforward to check that
these definitions yield a diffeological principal A-bundle Q over Z.
The last ingredient we need in the construction of the 1-isomorphism AG is an iso-
morphism
α : l∗LG ⊗ ζ∗2Q // ζ
∗
1Q ⊗ P
between bundles over Z [2] := Z ×M Z. Here, ζ1, ζ2 : Z
[2] // Z are the two projections,
and l∗LG and P are pulled back to Z [2] along the evident maps. Fibrewise over a point
(γ1, γ2, y1, y2), α is a map
α : LGτ ⊗Qγ2,y2
// Qγ1,y1 ⊗ Py1,y2 ,
where τ := l(γ1, γ2). For T : τ
∗G // I0 representing an element in LGτ , t0 ∈ T0,y0 and
t1 ∈ T 1
2
,y1
, we define
α(T ⊗ (T2, t0, t2)) := q ⊗ (T1, t0, t1),
where Tk := ι
∗
kT , the point q ∈ Py1,y2 is chosen arbitrarily and t2 ∈ T−1,y2 is determined
by τ(q ⊗ t2) = t1. This is independent of the choice of q, smooth and A-equivariant.
Lemma 6.1.1. The pair (Q,α) defines a 1-isomorphism AG : Rx(LG) // G.
Proof. We have to show that α is compatible with the fusion products [Wal07, Defi-
nition 2]. This can be checked fibrewise over a point (γ1, γ2, γ3, y1, y2, y3) ∈ Z
[3]. We
choose trivializations T12, T23 and T13 := λG(T12,T23), as well as elements q12, q23 and
q13 := λ(q12, q23). We recall from Section 4.3 that the first relation implies the existence
of 2-isomorphisms
φ1 : ι
∗
1T12
+3 ι∗1T13 , φ2 : ι
∗
2T12
+3 ι∗1T23 and φ3 : ι
∗
2T23
+3 ι∗2T13
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between trivializations of bundle gerbes over the interval [0, 1] such that φ1|k = φ3|k•φ2|k
for k = 0, 1. We start with an element in Py1,y2 ⊗ Py2,y3 ⊗ Qγ3,y3 , namely the element
x := q12 ⊗ q23 ⊗ (ι
∗
2T23, t0, t1). A computation shows
ζ∗13α((λ ⊗ id)(x)) = (ι
∗
1T12, φ
−1
1 (φ3(t0)), φ
−1
1 (τ13(q13 ⊗ φ3(t1)))) ⊗ T13.
On the other hand, we get
(id ⊗ λG)(ζ
∗
12α ⊗ id)(id ⊗ ζ
∗
23α)(x) = (ι
∗
1T12, φ
−1
2 (t0), τ12(q13 ⊗ φ
−1
2 (t1))) ⊗ T13.
The coincidence of the two results proves that (Q,α) is a 1-isomorphism. 
We remark that different choices of the lift y0 of x lead to 2-isomorphic 1-morphisms.
So, as a morphism in h1DiffGrbA(M), AG is independent of that choice.
Construction of a Connection on AG
We define a connection on Q in the same way as we defined the connection on LG,
namely by specifying an object FQ ∈ Fun(Q,A), see Appendix A. If γ˜ ∈ PQ is a path
in Q, let γ ∈ PPxM denote its projection to PxM , and let γ
∨ : [0, 1]2 // M be the
adjoint map defined by γ∨(s, t) := γ(s)(t). We use the holonomy AG from Section 3 to
associate to γ˜ a number. Here we are in the situation that our surface Σ := [0, 1]2 has
one boundary component with corners. We thus have to specify a boundary record , i.e.
trivializations over the smooth parts, and 2-isomorphisms over the corners:
1. Over bl := [0, 1] × {0}, the map γ
∨ is constant with value x. It follows that the
pullback (γ∨)∗G|bl has the smooth section σy0(s) := (s, y0) ∈ Σ γ∨ ×π Y , which
defines by Lemma 3.2.3 a trivialization Tl.
2. Over br := [0, 1] × {1} we also have a section of the subduction of φ(γ
∨)∗G|br ,
determined by the projection β ∈ PY of the given path γ˜ to Y . This section is
σr(s) := ((s, 1), β(s)) ∈ Σ γ∨×π Y . The corresponding trivialization is denoted Tr.
3. Over the remaining boundary components bk := {k × [0, 1]} for k = 0, 1 we choose
representatives (T k, tk0 , t
k) of the given elements γ˜(k) ∈ Q. In particular, these
contain trivializations T 1 and T 2.
4. Over the corners (0, 0) and (0, 1) we choose any 2-isomorphisms ϕ0l : T
0 +3 Tl
and ϕ0r : T
0 +3 Tr and consider the elements ul := ϕ0l(t
0
0) ∈ Tl|0,y0 and
ur := ϕ0r(t
0) ∈ Tl|0,β(0). Consider the evident paths αl(t) := (t, y0) and
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αr(t) := (t, β(t)) in bl γ∨ ×π Y and br γ∨ ×π Y , respectively. Then, there are
unique 2-isomorphisms ϕ1l : T
1 +3 Tl and ϕ1r : T
1 +3 Tr over the corners (1, 0)
and (1, 1), respectively, such that ϕ1l(t
1
0) = ταl(ul) and ϕ1r(t
1) = ταr(ur), see
Lemma 4.2.1.
Summarizing,
B :=
{
Tl,Tr,T
0,T 1, ϕ0l, ϕ
−1
0r , ϕ
−1
1l , ϕ1r
}
is a boundary record for the boundary of Σ, and we define:
FQ(γ˜) := AG(γ
∨,B) ∈ A. (6.1.1)
Next we show in three steps that the resulting map FQ : PQ // A is an object in
Fun(Q,A).
1. Smoothness follows from Lemma 4.3.1 and the fact that all trivializations we have
used to form the boundary record B depends smoothly on the paths γ˜ :T 0 and T 1
in terms of the diffeology on Q, and Tl and Tr in terms of the diffeology on LG.
2. Thin homotopy invariance. A thin homotopy h ∈ PPQ between paths γ˜ and γ˜′
induce rank two homotopy between γ∨ and γ∨′, a thin homotopy hY between the
paths β and β′, and a thin homotopy h1 between ev1(γ) and ev1(γ
′). We denote
by Tr and T
′
r the trivializations determined by β and β
′, respectively, and by B
and B ′ the corresponding boundary records. Consider the trivialization TY of h
∗
1G
coming from the section defined by hY . It constitutes a boundary record B1 for
h1, which has by construction the same trivialization over ev1(γ) as B and the
same trivialization over ev1(γ) as B
′. A slight generalization of Lemma 3.3.2 (b)
shows then that
AG(γ
∨,B) = AG((γ
′)∨,B′) ·AG(h1,B1).
But AG(h1,B1) = 1 because the trivialization TY has the vanishing 2-form, since
hY has rank one. This shows that FQ(γ˜) = FQ(γ˜
′).
3. Functorality . For composable paths γ˜1, γ˜2 in Q we must have
FQ(γ˜2 ⋆ γ˜1) = FQ(γ˜1) · FQ(γ˜2).
This is a simple application of the gluing formula Lemma 3.3.2 (c) for AG , similar
to the discussion in Section 4.3.
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We conclude that FQ is an object in Fun(Q,A) and thus defines a 1-form ωQ ∈ Ω
1
a(Q).
Lemma 6.1.2. The 1-form ωQ is a connection on Q.
Proof. Similar to the proof of Proposition 4.3.2 we have to prove
g(1) · FQ(γ˜g) = FQ(γ˜) · g(0)
for all g ∈ PA and γ˜ ∈ PQ. But the only difference between FQ(γ˜g) and FQ(γ˜) is
that we have tk.g(k) instead of tk in the representatives (T k, tk0 , t
k). This produces a
difference of g(0) · g(1)−1 in the holonomy formula. 
Next is the check that the connection ωQ on Q makes AG a 1-isomorphism in the
2-groupoid DiffGrb∇A(M) of bundle gerbes with connection. The conditions we have to
prove are summarized in the following lemma. There, we denote by BLG ∈ Ω
2
a(PxM)
the curving of R∇x (LG) and by B ∈ Ω
2
a(Y ) the curving of the given bundle gerbe G.
Lemma 6.1.3.
(i) The isomorphism α is connection-preserving.
(ii) curv(Q) = BLG −B.
Proof of Lemma 6.1.3 (i). Let Γ be a path in ζ∗1Q × LG. We denote by γ˜ ∈ PLG its
projection to the second factor and by γ ∈ PLM its further projection to the base of
LG. Our plan is to compute
F (γ˜) = AG(γ
∨,T0,T1), (6.1.2)
where T0 and T1 are trivializations representing the given elements γ˜(0) and γ˜(1), re-
spectively. The first step is to cut the cylinder C = [0, 1] × S1 on which γ∨ is defined
open along the lines el := [0, 1] × {0} and er := [0, 1] ×
{
1
2
}
. The two parts can be
identified with squares Σu and Σo using embeddings jo := id × ι1 : Σ
o // C and
ju := id × ι2 : Σ
u // C, of which jo is orientation-reversing, and ju orientation-
preserving.
We need more notation: by β˜o ∈ PQ we denote the projection of Γ to Q, by
βo ∈ PZ its projection to the base of Q, and by βor ∈ PY its further projection to
Y . The boundary of Σo consists of four smooth parts denoted eol , e
o
r, b
o
0 and b
o
1. The
boundary of Σu is labeled similarly (see Figure 4). The trivializations T0 and T1 pull
back to trivializations T o0 , T
u
0 , T
o
1 and T
u
1 over the boundary parts b
u,o
0,1 . We also have
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eor
eulbu0
bo1
bo0
eol
eur
bu1
Figure 4: A cylinder cut open into two squares.
to equip the new boundary parts eu,ol,r with trivializations. Firstly, notice that γ
∨|el is
constantly equal to x, so that y0 defines a (constant) section σy0 into the subduction of
(γ∨)∗G|el . Let Tl be the corresponding trivialization. Secondly, the path β
o
r defines a
section into the subduction of (γ∨)∗G|er . We denote the corresponding trivialization by
Tr. The trivializations Tl and Tr pull back to trivializations T
u
l , T
u
r , T
o
l and T
o
r .
It remains to equip the eight points vo,u(0,1),(l,r) with 2-isomorphisms. We choose some
2-isomorphisms ϕo0,l and ϕ
o
0,r. We also choose representatives β˜
o(0) = (T o0 , a0, b
o
0) and
β˜o(1) = (T o1 , a1, b
o
1), with the trivializations coinciding with the ones pulled back from
T1 and T2. Parallel transport in the bundles of the trivializations determine further 2-
isomorphisms ϕo1,l and ϕ
o
1,r. This determines a boundary record B
o for Σo, and we note
that AG(γ
∨ ◦ jo,Bo) = FQ(β˜
o). Further, we may use ϕu := ϕo over all four points of
Σu, and thus obtain a boundary record Bu for Σu. All together, (6.1.2) becomes
F (γ˜) = FQ(β˜
o)−1 ·AG(γ
∨ ◦ ju,Bu). (6.1.3)
Now we consider the path α−1 ◦ Γ in P × ζ∗2Q. We denote its projection to Q by β˜
u,
its projection to the base by βu ∈ PZ and its further projection to Y by βur ∈ PY . In
order to compute FQ(β˜
u), we choose representatives β˜u(0) = (T u0 , a0, b
u
0 ) and β˜
u(1) =
(T u1 , a1, b
u
1), with the trivializations coinciding with the ones pulled back from T1 and T2,
and the a’s like above. We use the 2-isomorphism ϕu0,l from above, but have to choose
new 2-isomorphisms ψu0,r. They determine 2-isomorphisms ϕ
u
1,r and ψ
u
1,l, all together
making up a boundary record Cu for Σu, in such a way that
FQ(β˜
u) = AG(γ ◦ j
u, Cu). (6.1.4)
Next we compute the difference between the boundary records Bu and Cu. They differ
only in the trivialization over eur and in the two 2-isomorphisms attached to it. Namely,
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Bu has the trivialization T ur coming from the section β
o
r while C
u has a trivialization
Tr coming from the section β
u
r . By Lemma 3.2.3, the bundle R := (β
o
r , β
u
r )
∗P comes
with a 2-isomorphism ρ : T ur ⊗ R
+3 Tr. Consider trivializations tk : R|k // I0 over
the endpoints k = 0, 1, that combine with ρ to 2-isomorphisms ρk : T
u
r |k +3 Tr|k. We
might have chosen ψu0,r = ϕ
o
0,r ◦ ρ0. Then, ψ
u
1,r = at0,t1 ⊗ ϕ
o
1,r ◦ ρ1, where at0,t1 ∈ A is
produced by parallel transport in R in combination with the trivializations t0 and t1 at
the endpoints. Thus
AG(γ
∨ ◦ ju, Cu) = AG(γ
∨ ◦ ju,Bu) · at0,t1 . (6.1.5)
It remains to identify at0,t1 . Let FP : PP
// A be the smooth map corresponding
to the connection on P . We denote by η ∈ PP the projection of the path α−1 ◦ Γ
to P . Notice that η projects to the path (βor , β
u
r ) in Y
[2]. We may have chosen the
trivializations t0 and t1 such that η(k) = tk for k = 1, 2, which implies
FP (η) = a
−1
t0,t1 . (6.1.6)
Summarizing equations (6.1.3) to (6.1.6) we have
F (γ˜) = FQ(β˜
o)−1 · FQ(β˜
u) · FP (η). (6.1.7)
This shows that α preserves the connections. 
Proof of Lemma 6.1.3 (ii). We work on the total space of Q, and shall prove that
the object FQ in Fun(Q,A) defines a 1-morphism in 2-Fun(Q,A) between the pullbacks
of GLG and GB to Q, where GLG ∈ 2-Fun(PxM,A) is constructed in Section 5.2 and
GB := P2(B) ∈ 2-Fun(Y,A) is the 2-functor associated to the curving B. That is, we
have to prove condition (A.2), namely
FQ(β˜o) ·GLG(ΣP ) = GB(ΣY ) · FQ(β˜u) (6.1.8)
for all bigons Σ ∈ BQ, where ev(Σ) = (β˜o, β˜u), and ΣP and ΣY are the projections
to PxM and Y , respectively. Further, we denote by ηo, ηu the projections of β˜o and β˜u
to PxM . Consider the path γΣP ∈ PLM used in the definition of GLG in Section 5.2,
and let T0 and T1 be the canonical trivializations over γΣP (0) and γΣP (1), respectively.
Then,
GLG(ΣP ) = AG(γ
∨
ΣP
,T0,T1), (6.1.9)
with γ∨ΣP : [0, 1]×S
1 // M the adjoint of γΣP . The plan is to cut this surface holonomy
into three pieces; these will provide the other three terms in (6.1.8). We consider three
embeddings [0, 1] // S1 defined by
ιo(t) :=
1
4t , ιr(t) :=
1
4t+
1
4 and ιu(t) :=
1
4 t+
3
4
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and notice that γ∨ΣP ◦ (id× ιo) = η˜o and γ
∨
ΣP
◦ (id× ιu) = η˜u, while ηr := γ
∨
ΣP
◦ (id× ιr) =
Bπ(ΣY ). In particular, ηr comes with a lift to Y , namely ΣY . As a consequence, there is
a canonical trivialization S : η∗rG
// Iρ with ρ := Σ
∗
YB. We shall choose 2-isomorphisms
ψk : ι
∗
rTk +3 S for k = 0, 1 defining boundary records Bo := {ι
∗
oT0, ι
∗
oT1,S, ψ0, ψ1} and
Bu := {ι
∗
uT0, ι
∗
uT1,S, ψ0, ψ1}. Then,
AG(γ
∨
ΣP ,T0,T1) = AG(ηo,Bo)
−1 ·AG(ηu,Bu) ·AG(ηr,S). (6.1.10)
Strictly speaking, there is a fourth factor corresponding to the forth quarter of the circle.
But there, γ∨ΣP has rank one so it does not contribute. We have
AG(ηr,S) = exp
(∫
[0,1]
ρ
)
= exp
(∫
[0,1]
Σ∗YB
)
= GB(ΣY ). (6.1.11)
Further, we see that
AG(ηo,Bo) = FQ(β˜o) and AG(ηu,Bu) = FQ(β˜u) (6.1.12)
Formulae (6.1.9) – (6.1.12) show (6.1.8). 
Proof that AG is natural in G
We show that the 1-isomorphisms AG are the components of a natural transformation.
Let B : G // H be a connection-preserving isomorphism. It suffices to find a 2-
isomorphism
R∇x (LG)
R∇x (LB) //
AG

R∇x (LH)
AH
t| qqq
qqq
qq
qqq
qq
qqq
qq
qqq
qq
qqq
qq
qqq
q
G
B
// H
in the 2-category DiffGrb∇A(M). Clockwise, the 1-isomorphism AH ◦ R
∇
x (LB) consists
of the principal A-bundle l∗LH ⊗ QH over PxM
[2] ×M YH. Counter-clockwise, the 1-
isomorphism B ◦AG consists of the principal A-bundle QG ⊗B over PxM ×M YG ×M YH,
where B is the principal A-bundle over YG ×M YH of the isomorphism B. To construct
the 2-isomorphism, we have the freedom to choose a subduction ω : W // PxM
[2] ×M
YG ×M YH, and instead of choosing the identity, we choose one for which the pullback
ω∗B is trivializable. There is even a canonical choice: W := PxM
[2] ×M B, for which we
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have a canonical trivialization gB : ω
∗B // Iη, where η ∈ Ω
1
a(B) is the connection on
B. Now we need an isomorphism
φ : LH ⊗QH // QG ⊗ Iη
of principal A-bundles over W . Over a point w ∈ W with ω(w) = (γ1, γ2, b) and b
projecting to (g, h) ∈ YG ×M YH, this is the map
φ : LH|l(γ1,γ2) ⊗QH|(γ2,h)
// QG|(γ1,g) : S ⊗ (S2, s0, s)
✤ // (S1 ◦ γ
∗
1B, b0 ⊗ s0, b ⊗ s)
where Sk := ι
∗
kS, and b0 is a fixed choice of an element in B projecting to (g0, h0), where
these are the choices of lifts of x to YG and YH we have made to construct QG and QH,
respectively. This is smooth and A-equivariant.
Lemma 6.1.4. The bundle isomorphism φ defines a 2-isomorphism.
Proof. Let us first show that φ is compatible with the bundle isomorphisms involved in
B ◦ AG and AH ◦R
∇
x (LB). This is a condition over W ×M W ; over a point (w,w
′) it is
the commutativity of the diagram
LGl(γ1,γ′1) ⊗ LHl(γ′1,γ′2) ⊗QH|γ′2,h′
ψB⊗id

id⊗φ
// LGl(γ1,γ′1) ⊗QG |γ′1,g′
αG

LHl(γ1,γ2) ⊗ LHl(γ2,γ′2) ⊗QH|γ′2,h′
id⊗αH

QG|γ1,g ⊗ PG |g,g′
id⊗β˜

LHl(γ1,γ2) ⊗QH|γ2,h ⊗ PH|h,h′ φ⊗id
// QG |γ1,g ⊗ PH|h,h′ .
Here, ψB is the bundle isomorphism of the 1-isomorphism R
∇
x (LB), and β˜ is the pullback
of the bundle isomorphism β of B to B. The proof of the commutativity is a tedious
but straightforward calculation which we leave out for the sake of brevity.
Now it remains to check that the isomorphism φ preserves the connections. We
consider a path Γ = (γ˜, β˜) ∈ P (LH ×QH). Its various projections are: γ the projection
to PLM , β the projection to PZ, (β1, β2) the projection to PPxM
[2], b˜ the projection
to PB, b the projection to P (YG ×M YH) and bH, bG the projections to YG and YH,
respectively. We note that β = (β2, bH). Further, we choose representatives S
t of γ˜(t),
and (St2, s
t
0, s
t) of β˜(t). Then, we have
β˜′(t) := (φ ◦ Γ)(t) = (St1 ◦ B, b0 ⊗ s
t
0, b˜(t) ⊗ s
t).
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We have to show that
F (γ˜) = FQH(β˜)
−1 · FQG (β˜
′) · exp
(∫
b˜
η
)
. (6.1.13)
First of all, we have F (γ˜) = AH(γ,S
0,S1). To compute FQH(β˜), we have to choose
connection-preserving 2-isomorphisms ϕ0l : S
0
2
+3 Sl and ϕ0r : S
0
2
+3 Sr, where Sl
and Sr are the canonical trivializations determined by the sections σl(s) := (s, h0) and
σr(s) := (s, bH(s)). As explained in the definition of the connection on QH, these
determine further 2-isomorphisms ϕ1l and ϕ1r forming a boundary record
B :=
{
S02 ,S
1
2 ,Sl,Sr, ϕ0l, ϕ0r, ϕ1l, ϕ1r
}
.
Then, FQH(β˜) = AH(β2,B). For FQG (β˜
′) = AG(β1,B
′) we have the boundary record
B
′ =
{
S01 ◦ B,S
1
1 ◦ B,Tl,Tr, ψ0l, ψ0r, ψ1l, ψ1r
}
, (6.1.14)
where Tl and Tr are the canonical trivializations determined by the sections
τl(s) := (s, g0) and τr(s) := (s, bG(s)). The 2-isomorphisms ψ0l and ψ0r are chosen
in the following way. First we infer that the data of the 1-isomorphism B determines
connection-preserving 2-isomorphisms βl : Sl ◦ B +3 Tl and βr : Sr ◦ B +3 b
∗B ⊗ Tr
over [0, 1]. Then we define ψ0l := βl • (ϕ0l ◦ id). A computation shows that then
ψ1l = βl • (ϕ1l ◦ id). Since b : [0, 1] // YG ×M YH has a lift b˜ : [0, 1] // B, the bundle
b∗B has a canonical trivialization t : b∗B // I0. We define ψ0r := (t⊗ id)•βr •(ϕ0r ◦id).
Another computation shows that then ψ1r = (t⊗ id)•βr • (ϕ1r ◦ id). Our first manipula-
tion with the boundary record (6.1.14) is to replace Tr by b
∗B ⊗Tr. The new boundary
record is
B
′′ =
{
S01 ◦ B,S
1
1 ◦ B,Tl, b
∗B ⊗ Tr, ψ0l, βr • (ϕ0r ◦ id), ψ1l, βr • (ϕ1r ◦ id)
}
,
and
AG(β1,B
′′) = AG(β1,B
′) · exp
(∫
b˜
η
)
, (6.1.15)
since the latter factor is precisely the parallel transport in b∗B along [0, 1], in the trivi-
alization given by b˜. Our second manipulation is to replace Tl and b
∗B ⊗ Tr by Sl ◦ B
and Sr ◦ B, respectively. The new boundary record is
B
′′′ =
{
S01 ◦ B,S
1
1 ◦ B,Sl ◦ B,Sr ◦ B, ϕ0l ◦ id, ϕ0r ◦ id, ϕ1l ◦ id, ϕ1r ◦ id
}
,
and AG(β1,B
′′) = AG(β1,B
′′′). Now we use that the surface holonomy of the bundle
gerbe G is equal to the one of the bundle gerbe H, in virtue of the 1-isomorphism B.
That is,
AG(β1,B
′′′) = AH(β1,B
′′′′) where B ′′′′ =
{
S01 ,S
1
1 ,Sl,Sr, ϕ0l, ϕ0r, ϕ1l, ϕ1r
}
.
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Comparing B ′′′′ with B, the gluing formula for surface holonomy yields
AH(γ,S
0,S1) = AH(β2,B)
−1 ·AH(β1,B
′′′′).
Together with (6.1.15), this shows (6.1.13). 
6.2 Transgression after Regression
We have to associate to each fusion bundle P with superficial connection over LM a
fusion-preserving isomorphism
ϕP : T
∇(R∇x (P )) // P .
The construction of ϕP is the content of the following lemmata, and ends below with Pro-
position 6.2.5. The lemmata are proven under the following slightly weaker assumptions
(so that we can use them in the forthcoming Part III [Wal12]):
Let (P, λ) be a fusion bundle with connection ω, i.e. ω is compatible
and symmetrizing. Instead of requiring that ω is superficial we only
require condition (i) of Definition 2.2.1. Let B ∈ Ω2(PxM) be a curving
on the bundle gerbe Rx(P ), which is compatible with the connection
l∗ω on the principal A-bundle l∗P of Rx(P ) in the sense of Definition
3.1.5. The resulting bundle gerbe with connection is denoted RBx (P ).
(6.2.1)
The point is that since ω may not be superficial, the canonical curving BP on the
bundle gerbe Rx(P ) constructed in Section 5.2 is not available. If ω is superficial, we
have RBPx (P ) = R
∇
x (P ).
The following construction relates points in P with trivializations of RBx (P ). We
decompose a loop β ∈ LM into several pieces in the following way. First we divide the
loop β into its two halves γ1, γ2 ∈ PM satisfying γ1(0) = γ2(0) = β(0) and γ1(1) =
γ2(1) = β(
1
2). For this purpose we choose a smoothing function φ which adds sitting
instants. Then we choose a path γ ∈ PxM with γ(1) = β(0) and a thin homotopy
h : l(γ1 ⋆ γ, γ2 ⋆ γ) // β. Consider a trivialization T : β
∗RBx (P ) // I0. This is a
principal A-bundle T with connection over the diffeological space Z := S1 β ×ev1 PxM ,
together with a connection-preserving isomorphism
τ : l∗P ⊗ ζ∗2T // ζ
∗
1T
over Z ×S1 Z. A point in that space is a triple (t, η1, η2), where t ∈ S
1 and η1, η2 ∈ PxM
such that β(t) = η1(1) = η2(1). Over such a point point, τ is a map
τ(t,η1,η2) : Pl(η1,η2) ⊗ Tt,η2
// Tt,η1 .
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We construct an element p ∈ Pl(γ1 ⋆γ,γ2⋆γ) as follows. The smoothing function φ defines
for i = 1, 2 thin paths αi ∈ PZ which go from (0, id ⋆ γ) to (
1
2 , γi ⋆ γ). Let α := α2 ⋆ α1,
and choose an element q ∈ T( 1
2
,γ1⋆γ)
. Then, p is defined by requiring
τ(p ⊗ τα(q)) = q, (6.2.2)
where τα is the parallel transport in the bundle T . Since τ and τα are A-equivariant, p
does not depend on the choice of q. We define
pT := τh(p) ∈ Pβ ; (6.2.3)
this establishes the relation between trivializations of RBx (P ) and points in P we were
aiming at.
Lemma 6.2.1. Under the assumptions (6.2.1), the element pT defined in (6.2.3) is
independent of the choice of the path γ, the thin homotopy h, and the smoothing function
φ. Moreover, if T and T ′ are 2-isomorphic trivializations, pT = pT ′ .
Proof. The equality pT = pT ′ is easy to see (for the same choices of γ, h, φ). The inde-
pendence of the smoothing function follows from the fact that two smoothing functions
φ, φ′ : [0, 1] // [0, 1] are homotopic (because [0, 1]2 is simply connected). Moreover,
every homotopy H is automatically thin because [0, 1] is one-dimensional. It induces
accordant thin homotopies between the various paths involved in the construction of the
elements p (computed with paths (γ1, γ2, α, h) using φ) and p
′ (computed with paths
(γ′1, γ
′
2, α
′, h′) using φ′), in such a way that p and p′ correspond to each other under the
parallel transport
τH : Pl(γ1 ⋆γ,γ2⋆γ)
// Pl(γ′1 ⋆γ,γ′2 ⋆γ)
along the evident thin path induced by H, i.e. τH(p) = p
′. Then, Lemma 2.2.2 implies
that τh(p) = τh′(p
′), i.e. the claimed invariance.
Suppose we have – for a fixed smoothing function – two choices γ, γ′, and accordant
choices of thin homotopies h and h′. In the following we denote the two versions of
the element p obtained using γ and γ′, respectively, by p and p′. Choose any element
q˜ ∈ Pl(id⋆γ,id⋆γ′), and let ǫi ∈ PLM be the paths with
ǫi(0) = l(id ⋆ γ, id ⋆ γ
′) and ǫi(1) = l(γi ⋆ γ, γi ⋆ γ
′);
obtained by scaling γi using the smoothing function. We claim (1) that
λ(p ⊗ τǫ2(q˜)) = λ(τǫ1(q˜) ⊗ p
′), (6.2.4)
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where τǫi is the parallel transport in P . We claim (2) that the diagram
Pl(γ1 ⋆γ,γ2 ⋆γ) ⊗ Pl(γ2 ⋆γ,γ2 ⋆γ′)
λ //
τh⊗τ
−1
ǫ2

Pl(γ1 ⋆γ,γ2⋆γ′)
λ−1// Pl(γ1 ⋆γ,γ1⋆γ′) ⊗ Pl(γ1 ⋆γ′,γ2⋆γ′)
τ−1ǫ1 ⊗τh′

Pβ ⊗ Pl(id⋆γ,id⋆γ′) flip
// Pl(id⋆γ,id⋆γ′) ⊗ Pβ
(6.2.5)
is commutative. Both claims together prove that τh(p) = τh′(p
′), which was to show.
In order to prove the first claim, let q and q′ be the choices needed to determine p
and p′, respectively. We can arrange these choices such that
τ(q˜ ⊗ τ−1α′1
(q′)) = τ−1α1 (q). (6.2.6)
We compute
τ(λ(p ⊗ τǫ2(q˜)) ⊗ τα′(q
′)) = τ(p ⊗ τ(τǫ2(q˜) ⊗ τα′2(τ
−1
α′1
(q′))) = τ(p ⊗ τα(q)) = q,
where the first step uses the compatibility condition between τ and the fusion product
λ, the second step uses that τ is a connection-preserving isomorphism and (6.2.6), and
the last step is (6.2.2). Similarly, we compute
τ(λ(τǫ1(q˜) ⊗ p
′) ⊗ τα′(q
′)) = q.
This proves the first claim (6.2.4).
In order to prove the second claim, we fill diagram (6.2.5) by commutative subdia-
grams. Let δ1, δ2 ∈ P (PM
[3]) be thin paths satisfying:
δ1(0) = (γ1 ⋆ γ, γ2 ⋆ γ, γ2 ⋆ γ
′) δ1(1) = (γ2 ⋆ γ1, id, γ
′ ⋆ γ)
δ2(0) = (γ1 ⋆ γ, γ1 ⋆ γ
′, γ2 ⋆ γ
′) δ2(1) = (γ ⋆ γ′, id, γ1 ⋆ γ2)
These paths can be chosen arbitrarily; but one can construct explicit examples. Now
we consider the following diagram of maps between A-torsors, in which the unlabelled
arrows are parallel transport along obvious reparameterizations the obvious reparame-
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terizations:
Pl(γ1 ⋆γ,γ2 ⋆γ) ⊗ Pl(γ2 ⋆γ,γ2 ⋆γ′)
/.-,()*+A
τh⊗τǫ2

/.-,()*+C
τe12(δ1)
⊗τe23(δ1)
❀❀
❀❀
❀❀
❀❀
❀
❀❀
❀❀
❀❀
❀
λ // Pl(γ1 ⋆γ,γ2 ⋆γ′)
τe13(δ2)
❁
❁❁
❁❁
❁❁τe13(δ1)
  ✂✂
✂✂
✂✂
✂
λ−1 // Pl(γ1 ⋆γ,γ1 ⋆γ′) ⊗ Pl(γ1 ⋆γ′,γ2 ⋆γ′)
/.-,()*+A
τe12(δ2)
⊗τe23(δ2)
✂✂
✂✂
✂✂
✂✂
✂✂
✂✂
✂✂
✂✂
τǫ1⊗τh′

/.-,()*+C
Pl(γ2 ⋆γ1,γ′ ⋆γ) Rπ
//
/. -,() *+D
/. -,() *+B
P
l(γ⋆γ′,γ1 ⋆γ2)
λ−1
❁
❁❁
❁❁
❁❁
Pl(γ2 ⋆γ1,id) ⊗ Pl(id,γ′ ⋆γ)
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄
flip
&&◆◆
◆◆
◆◆
◆◆
◆◆
λ
AA✂✂✂✂✂✂✂
P
l(γ⋆γ′,id) ⊗ Pl(id,γ1 ⋆γ2)
❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
Pl(id,γ′ ⋆γ) ⊗ Pl(γ2 ⋆γ1,id)
Rπ⊗Rπ
88qqqqqqqqqq
Pβ ⊗ Pl(id⋆γ,id⋆γ′)
flip
//
/.-,()*+C
Pl(id⋆γ,id⋆γ′) ⊗ Pβ
We argue now that all subdiagrams are commutative. Diagrams /. -,() *+A commute since
the connection ω is compatible with λ. Diagram /. -,() *+B commutes since the connection
ω symmetrizes λ. Diagrams /. -,() *+C and /. -,() *+D commute because the connection ω satisfies
condition (i) of Definition 2.2.1. More precisely, diagrams /. -,() *+C commute already as
diagrams of direct products of A-torsors. This proves the second claim. 
We recall that isomorphism classes of trivializations of RBx (P ) form the elements of
the transgression T ∇(RBx (P )). From that point of view, Lemma 6.2.1 assures that the
assignment T ✤ // pT yields a well-defined map
ϕP : T
∇(RBx (P )) // P .
Lemma 6.2.2. ϕP is a smooth, fusion-preserving bundle morphism.
Proof. ϕP is by definition fibre-preserving, and its smoothness is straightforward to
prove. The A-equivariance can be seen as follows. Let a ∈ A and Pa the corresponding
principal A-bundle over S1 with HolPa(S
1) = a. We have to show that
pPa⊗T = pT · a. (6.2.7)
To compute pT may have chosen q ∈ T(1,γ1 ⋆γ). The new bundle is T ⊗ pr
∗
1Pa, so here
we may choose q ⊗ fa, for fa ∈ Pa|1. Notice that the projection of the path α ∈ PZ to
S1 is the path that runs once around S1. Thus, τα(q ⊗ fa) = (τα(q) ⊗ fa) · a. Then,
τ(pPa⊗T ⊗q⊗fa) = τα(q⊗fa) = (τα(q)⊗fa)·a = (τ(pT ⊗q)⊗fa)·a = τ(pT ·a⊗q⊗fa).
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This proves (6.2.7). It remains to show that ϕP is fusion-preserving. Assume we have a
triple (γ1, γ2, γ3) ∈ PM
[3] and trivializations T12, T23 and T13 such that (T12,T23) ∼ T13,
in virtue of 2-isomorphisms
φ1 : ι
∗
1T12 +3 ι
∗
1T13 , φ2 : ι
∗
2T12 +3 ι
∗
1T23 and φ3 : ι
∗
2T23 +3 ι
∗
2T13 (6.2.8)
between trivializations of bundle gerbes over the interval [0, 1] such that
φ1|0 = φ3|0 • φ2|0 and φ1|1 = φ3|1 • φ2|1. (6.2.9)
In order to determine the elements pTij we may choose the same path γ for all of them.
We further choose q12 ∈ T12|( 1
2
,γ1⋆γ)
, then we put
q13 := φ1(q12) ∈ T13|( 1
2
,γ1⋆γ)
and q23 := φ2(τα12(q12)) ∈ T23|( 1
2
,γ2⋆γ)
.
A computation shows
τ13(λ(p12 ⊗ p23) ⊗ τα13(q13)) = q13, (6.2.10)
Equation (6.2.10) implies
λ(p12 ⊗ p23) = p13. (6.2.11)
Finally, we may choose a path H ∈ P (PM [3]) with H(0) = (γ1 ⋆ γ, γ2 ⋆ γ, γ3 ⋆ γ) and
H(1) = (γ1, γ2, γ3), such that hij := eij(H) are thin homotopies. Since the connection
ω is compatible with λ, equation (6.2.11) implies λ(pT12 ⊗ pT23) = pT13 . 
Next we explore in which sense the bundle isomorphism ϕP preserves the connections.
Let γ ∈ PLM be a path and let γ∨ : C // M be its adjoint map, i.e. C := [0, 1]×S1 is
the standard cylinder and γ∨(t, z) := γ(t)(z). Let T0 and T1 be trivializations of R
B
x (P )
over the loops γ(0) and γ(1), respectively. The following technical lemma computes the
surface holonomy ARBx (P )(γ
∨,T0,T1).
We consider the embedding ι : Q // C defined by ι(t, s) := (t, s − 12), and write
Φ := γ∨ ◦ι : Q // M . With respect to the standard orientations (the counter-clockwise
one on Q and the one on C that induces the counter-clockwise one the the boundary
loop {1}×S1), the embedding ι is orientation-reversing. We define a lift Φ˜ : Q // PxM
of Φ along the end-point evaluation ev1 : PxM // M . Let ψt and ξt,s be paths in Q
defined by ψt(τ) := (tτ,
1
2 ) and ξt,s(τ) := (t, (s−
1
2)τ +
1
2), with sitting instants produced
with some smoothing function, see Figure 5 (a). Further, let β be a path connecting the
base point x ∈ M with Φ(0, 12). Then, we put
Φ˜(t, s) := PΦ(ξt,s ⋆ ψt) ⋆ β.
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11
2
0
0 1t
s
ψt
ξt,s
ǫ 1− ǫ
ϕ
1
0
ǫ 1− ǫ
ǫ0 ǫ1
1
0
(a) (b) (c)
Figure 5: (a) shows a lift of a point in the square to a path
in the square. (b) shows a smoothing function which is a diffeo-
morphism away from its sitting instants. (c) shows two functions
that are useful for drawing a bigon into a square.
Let σu ∈ PLM be defined by σu(t) = l(Φ˜(t, 0), Φ˜(t, 1)). Notice that σu(t) is thin
homotopic to γ(t) for every t ∈ [0, 1].
Lemma 6.2.3. Let the structure (6.2.1) be given. Suppose further a path γ ∈ PLM
and trivializations T0,T1 of R
B
x (P ) over the end-loops of γ. Let Φ˜ : Q
// PxM be
the lift constructed above, and let h0, h1 ∈ PLM be thin paths from hk(0) = γ(k) to
hk(1) = σu(k). Then, we have
ARBx (P )
(γ∨,T0,T1)
−1 = exp
(∫
Q
Φ˜∗B
)
· PT(σ∗uP, τh0(pT0), τh1(pT1)),
where τhk denotes the parallel transport in P along hk, and PT is defined in (3.3.7).
Proof. In the proof we write G := RBx (P ) in order to simplify the notation. We are
in the situation of the gluing formula of Lemma 3.3.2 (c), and choose a trivialization
T of G over [0, 1] ×
{
1
2
}
⊆ C, together with 2-isomorphisms ϕ0 : T0| 1
2
+3 T |0, 1
2
and
ϕk : T1| 1
2
+3 T |1, 1
2
. Then, the collection
B := {ι∗T0, ι
∗T1, ι
∗T , ι∗T , ϕ0, ϕ0, ϕ1, ϕ1}
is a boundary record for Φ, and
AG(γ
∨,T0,T1) = AG(Φ,B)
−1, (6.2.12)
where the sign accounts for the change of the orientation.
Note that Φ˜ is a section into the subduction of Φ∗G. Let S : Φ∗G // Iρ be the
trivialization defined by this section according to Lemma 3.2.3, with ρ = Φ˜∗B. The
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trivialization T used above can be taken such that ι∗T |[0,1]×{1} = S|[0,1]×{1}. The
holonomy AG(Φ,B) we want to compute has the usual two terms (3.3.6): the integral
I(Φ˜) := exp(
∫
Q Φ˜
∗B), and a term containing the boundary contributions.
In order to treat the boundary term, we first we gather some information about
the trivializations over the boundary components of Q. For k = 0, 1, we consider the
boundary components bk := {(k, s) | s ∈ [0, 1]} and the trivializations ι
∗Tk of Φ
∗G|bk .
They consist of principal A-bundles Tk with connection over Zk := [0, 1] ×M PxM ,
and isomorphisms τk over Z
[2]
k . We have the sections σk : bk
// Zk defined
by σk(s) := (s, Φ˜(k, s)). According to Lemma 3.2.3 (b), the isomorphisms τk
induce 2-isomorphisms τk : S ⊗ σ
∗
kTk
+3 ι∗Tk. Over the boundary component
bu := {(t, 0) | t ∈ [0, 1]} we have the section σu, and the corresponding 2-isomorphism
λ : S ⊗ σ∗uP // T . Over the remaining boundary component bo := {(t, 1) | t ∈ [0, 1]}
we have S|
bo
= T |bo by assumption.
Now we substitute the trivialization S for each of the trivializations in B using
the formula (3.3.8), producing a new boundary record B ′. Thus, we have to choose
trivializations of the “difference bundles” σ∗kTk and σ
∗
uP over the endpoints of their base
intervals. Such trivializations are given by selecting points in the fibres: qk ∈ Tk|0,Φ˜(k,0),
q˜k ∈ Tk|1,Φ˜(k,1) and pk ∈ P |Φ˜(k,0),Φ˜(k,1). Using the paths α
k ∈ PZk from the definitions
of pTk (see (6.2.2)) we can choose q˜k = ταk(qk). According to (3.3.8), the new boundary
record B ′ has over the four corners of Q the 2-isomorphisms
S
ϕ−10 +3 ι∗T0
τ−10 +3 S ⊗ σ∗0T0
q˜0 +3 S over (0, 1) (6.2.13)
S
q˜1 +3 S ⊗ σ∗1T1
τ1 +3 ι∗T1
ϕ1 +3 S over (1, 1) (6.2.14)
S
q0 +3 S ⊗ σ∗0T0
τ0 +3 ι∗T0
ϕ0 +3 S
λ−1 +3 S ⊗ σ∗uP
p0 +3 S over (0, 0) (6.2.15)
S
p1 +3 S ⊗ σ∗uP
λ +3 S
ϕ1 +3 ι∗T1
τ−11 +3 S ⊗ σ∗1T1
q1 +3 S over (1, 0) (6.2.16)
Obviously, it is possible to make the choices ϕ0, ϕ1, p0, p1 in such a way such that all
four 2-isomorphisms are identities. Accordingly, all boundary contributions vanish, and
AG(Φ,B
′) = I(Φ˜). However, by going from B to B ′ we must compensate the changes
according to (3.3.8) by the following three terms: PT(σ∗kTk, qk, q˜k) for k = 0, 1, and
PT(σ∗uP, p0, p1). The first vanishes for k = 0, 1 due to the definition of q˜k. Thus,
AG(Φ,B) = AG(Φ,B
′) · PT(σ∗uP, p0, p1) = I(Φ˜) · PT(σ
∗
uP, p0, p1). (6.2.17)
We look at equations (6.2.13) to (6.2.16). Combining all relations we have collected,
(6.2.13) and (6.2.15) imply τ0(p0⊗ q˜0) = q0, and (6.2.14) and (6.2.16) imply τ1(p1⊗ q˜1) =
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q1. Thus, the elements p0 and p1 are exactly those used in the definition of the elements
pT0 and pT1 . Due to the independence proved in Lemma 6.2.1, we may choose the thin
paths h0 and h1, so that pT0 = τh0(p0) and pT1 = τh1(p1). Together with (6.2.12) and
(6.2.17), this shows the claimed formula. 
In the following we specialize the discussion to the case that the connection ω on P
is superficial, and that the curving B on Rx(P ) is the canonical curving BP of Section
5.2. We compute the two terms in the formula of Lemma 6.2.3:
Lemma 6.2.4. In the situation of Lemma 6.2.3, assume that ω is superficial and that
B = BP . Then, we have:
(i) exp
(∫
Q
Φ˜∗B
)
= 1.
(ii) τγ(pT0) · PT(σ
∗
uP, τh0(pT0), τh1(pT1)) = pT1 .
Proof. (i) We recall that the 2-form BP has been defined as corresponding to a
smooth map GP : BPxM // A under the relation GP (Σ) = I(Σ) for any bigon
Σ ∈ BPxM , where I(Σ) := exp
∫
Q(Σ
∗B). Unfortunately, the map Φ˜ : Q // PxM is
not directly a bigon. To remedy this problem we define a bigon ΣQ ∈ BQ such that
Σ := BΦ˜(ΣQ) ∈ BPxM satisfies I(Σ) = I(Φ˜)
−1. Then we prove that GP (Σ) = 1, which
implies (i).
We give an explicit definition of ΣQ. We use the choice of a particular smoothing
function ϕ : [0, 1] // [0, 1]: we require a sitting instant 0 < ǫ < 12 such that ϕ(t) = 0
for all t < ǫ and ϕ(t) = 1 for all t > 1− ǫ, and we require that ϕ restricted to (ǫ, 1 − ǫ)
is a diffeomorphism onto (0, 1), see Figure 5 (b). Let ǫ0, ǫ1 : [0, 1] // [0, 1] be smooth
maps with sitting instants such that ǫ0(0) = 1 and ǫ0(t) = 0 for all t ≥ ǫ, and similar
ǫ1(t) = 1 for t ≤ 1− ǫ and ǫ1(1) = 0, see Figure 5 (c). Then, we define
ΣQ : [0, 1]
2 // Q : (t, s) ✤ // (ϕ(t), ǫ1(t)− ϕ(s)(ǫ1(t)− ǫ0(t))).
Consider the small square Q′ := (ǫ, 1− ǫ)2. The restriction of ΣQ to Q
′ is an orientation-
reversing diffeomorphism to (0, 1)2. The restriction of ΣQ to Q \ Q
′ has rank one, in
particular, the pullback of any 2-form vanishes in that region. Thus, we have
I(Φ˜) = exp
(∫
ΣQ(Q′)
Φ˜∗BP
)
= exp
(∫
Q′
−Σ∗QΦ˜
∗BP
)
= I(BΦ˜(ΣQ))
−1 = I(Σ)−1.
Next we prove that GP (Σ) = 1. We recall that GP (Σ) was defined in Section 5.2 via
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parallel transport along a path γΣ in LM . In the notation used there, we find:
Σo(t) = PΦ(ξϕ(t),ǫ1(t) ⋆ ψϕ(t)) ⋆ β , Σ
m(t)(s) = Φ(ΣQ(t, s))
and Σu(t) = PΦ(ξϕ(t),ǫ0(t) ⋆ ψϕ(t)) ⋆ β.
We observe that the loop γΣ(t) is thin homotopy equivalent to the loop l(βt, βt) with
βt := PΦ(ψϕ(t))⋆β. Moreover, these thin homotopies can be chosen smoothly depending
on t, and are identities for t = 0, 1. This shows that the path γΣ is rank-two-homotopic to
the path t ✤ // l(βt, βt) that factors through the support of the flat section can. Together
with Lemma 2.2.3, this shows that GP (Σ) = 1.
(ii) We choose a rank-two-homotopy h between the original path γ ∈ PLM and the
path σu ∈ PLM , which can be obtain by reparameterizations and by retracting the
path γ. Let hk be the restrictions of h to the end-loops. Since ω is superficial, Lemma
2.2.3 implies that the diagram
Pγ(0)
τh0

τγ // Pγ(1)
τh1

PΦ˜(0,0),Φ˜(0,1) τσu
// PΦ˜(1,0),Φ˜(1,1)
is commutative. The commutativity implies
τh1(τγ(pT0)) · PT(σ
∗
uP, τh0(pT0), τh1(pT1))
= τσu(τh0(pT0)) · PT(σ
∗
uP, τh0(pT0), τh1(pT1)) = τh1(pT1),
where the last equality is the definition of PT. This shows (ii). 
The following proposition summarizes the results of all lemmata above in the case
of a superficial connection.
Proposition 6.2.5. Suppose (P, λ) is a fusion bundle with superficial connection. Then,
the assignment T ✤ // pT defines a fusion-preserving, connection-preserving bundle iso-
morphism
ϕP : T
∇(R∇x (P ))
// P .
Proof. First we note that the assumptions (6.2.1) are satisfied, so that ϕP is a well-
defined, smooth, fusion-preserving bundle isomorphism according to Lemmata 6.2.1 and
6.2.2. By definition of the connection on T ∇(R∇x (P )),
τγ(T0) = T1 ·A (γ
∨,T0,T1),
where A (γ∨,T0,T1) denotes the surface holonomy of R
∇
x (P ), γ ∈ PLM is a path and
γ∨ is its adjoint map. According to Lemmata 6.2.3 and 6.2.4 we have
τγ(ϕP (T0)) = τγ(pT0) · PT(σ
∗
uP, τh0(pT0), τh1(pT1)) ·A (γ
∨,T0,T1)
= ϕP (T1) ·A (γ
∨,T0,T1) = ϕP (τγ(T0)).
This shows that ϕP exchanges the parallel transport of the connections ω and ωG. 
Finally, we prove that the isomorphism ϕP is natural in P . Let ψ : P1 // P2 be an
isomorphism in FusBun∇A
sf(LM). We write G1 and G2 for the regressed bundle gerbes
over M , and Aψ : G1 // G2 for the regressed isomorphism, i.e.
LAψ : LG1 // LG2 : T
✤ // T ◦ A−1ψ .
Let us first compute the trivialization T ′ := T ◦ A−1ψ of G2 over a loop β ∈ LM .
Recall that T consists of a principal A-bundle T over Z, and of an isomorphism τ
over Z ×S1 Z. From the rules of inverting and composing 1-isomorphisms between
bundle gerbes [Wal07] and the definition of regression we see that T ′ has the subduction
Z ′ := S1 β ×ev1 PxM
[2] with the projection ζ : Z ′ // Z : (t, η1, η2)
✤ // (t, η1) to the
subduction of G2. Over Z
′, it has the principal A-bundle
T ′ := pr∗12s
∗P∨2 ⊗ pr
∗
13T ,
where s : PxM
[2] // PxM
[2] flips the two factors, and P∨2 is the dual bundle (it has the
same total space but with A acting through inverses). Further, the trivialization T ′ has
an isomorphism
τ ′ : P2 ⊗ ζ
∗
2T
′ // ζ∗1T
′
over Z ′ ×S1 Z
′, which is a combination of λ2 and ψ.
We claim that T ′ is 2-isomorphic to the trivialization S consisting of the principal
A-bundle S := T over Z and the 2-isomorphism σ : P2 ⊗ ζ
∗
2T
// ζ∗1T , which is defined
over a point (t, η, η˜) ∈ Z ×S1 Z by
P2|η,η˜ ⊗ Tt,η˜
ψ−1⊗id
// P1|η,η˜ ⊗ Tt,η˜
τ // Tt,η .
Indeed, a 2-isomorphism φ : T ′ +3 S is given by
P∨2 |η2,η1 ⊗ Tt,η2
t2⊗id // P2|η1,η2 ⊗ Tt,η2
ψ−1⊗id
// P1|η1,η2 ⊗ Tt,η2
τ // Tt,η1 .
It is straightforward to show that it satisfies the necessary condition ζ∗2φ ◦ τ
′ = σ ◦ (id ⊗
ζ∗1φ), using that ψ is fusion-preserving.
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The result of the above computation is that LAψ(T ) = S. Now suppose we have
determined ϕP1(T ) from the equation τ(pT ⊗ τα(q)) = q. Then, the calculation
σ(ψ−1(pT ) ⊗ τα(q)) = τ(pT ⊗ τα(q)) = q
shows that pS = ψ
−1(pT ). All together, we obtain a commutative diagram
LG1
ϕP1

LAψ // LG2
ϕP2

P1
ψ
// P2
showing that the isomorphisms ϕP are the components of a natural equivalence.
A Smooth 2-Functors and 2-Forms
Bigons in a smooth manifold are discussed in detail in [SW11]. Here we recall some
aspects. A bigon in a diffeological space X is a path Σ ∈ PPX with P ev0(Σ) = idx
and P ev1(Σ) = idy, for some x, y ∈ X. The diffeological space of bigons in X is
denoted by BX. It is functorial: for f : X // Y a smooth map, there is an induced
smooth map Bf : BX // BY with Bid = idBX and B(g ◦ f) = Bg ◦ Bf . Bigons
can be composed in two ways. Vertical composition is simply the composition of paths
in PX, namely Σ′ ⋆ Σ, defined whenever Σ(1) = Σ′(0). Horizontal composition is
defined whenever P ev1(Σ) = P ev0(Σ
′), namely by Σ′ ⊛ Σ := (P ⋆ )(Σ′,Σ), where
P ⋆ : P (PX ×X PX) // PPX is induced from path composition, applied to the path
(Σ′,Σ) in PX ×X PX.
Two bigons Σ and Σ′ are called thin homotopy equivalent , if there exists a path
h ∈ PBX in the space of bigons with ev(h) = (Σ,Σ′), such that P ev0(h) ∈ PPX
and P ev1(h) ∈ PPX are thin homotopies between Σ(0) and Σ
′(0), and Σ(1) and Σ′(1),
respectively, and such that the adjoint map h∨ : [0, 1]3 // X has rank two. The
diffeological space of thin homotopy classes of bigons in X is denoted BX, and we have
a smooth projection pr : BX // BX.
On a smooth manifold M there is a relation between differential forms Ωka(M) with
values in the Lie algebra a of an abelian Lie group A, and certain smooth and functorial
maps F : P kM // A, where P k is an iterated path space. Heuristically, the relation is
the one between connections on higher, trivial principal bundles and their higher parallel
transport maps.
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For k = 1 a precise formulation is developed in [SW09] (including the case of a non-
abelian Lie group). Let Fun(M,A) be the groupoid whose objects are smooth maps
F : PM // A which are constant on thin homotopy classes of paths and satisfy
F (γ2 ⋆ γ1) = F (γ2) · F (γ1),
and whose morphisms from F1 to F2 are smooth maps g :M // A satisfying
g(γ(1)) · F1(γ) = F2(γ) · g(γ(0)) (A.1)
for all γ ∈ PM . Composition is multiplication. On the other side, consider the groupoid
Z1M (A) whose objects are 1-forms ω ∈ Ω
1
a(M) and whose morphisms between ω1 and ω2
are smooth maps g : M // A such that ω2 = ω1 − g
∗θ¯, where θ¯ is the right-invariant
Maurer-Cartan form on A. We have shown [SW09, Proposition 4.7] that the functor
P∞1 : Z
1
M (A)
// Fun(M,A)
that sends a 1-form ω ∈ Ω1a(M) to the map
Fω : PM // A : γ
✤ // exp
(
−
∫
γ
ω
)
,
and that is the identity on morphisms, is an isomorphism between categories. [Wal,
Theorem B.2] assures that this results remains true upon replacing the smooth manifold
M by a general diffeological space X. We have used this theorem in our construction of
the connection on the bundle LG in Section 4.3.
In Section 5.2 we also need the version for k = 2. For smooth manifolds and a
(possibly non-abelian) Lie 2-group it has been formulated and proved in [SW11]. Here
we restrict ourselves to an abelian Lie group A (making it much simpler) and generalize
this version to diffeological spaces.
We consider the 2-groupoid 2-Fun(M,A) [SW11, Section 2.1] whose objects are
smooth maps G : BM // A that exchange both the vertical and horizontal com-
position of bigons with the multiplication in A. The 1-morphisms between such maps
G1 and G2 are objects F : PM // A in Fun(M,A) satisfying
F (γ2) ·G2(Σ) = G1(Σ) · F (γ1) (A.2)
for all bigons Σ ∈ BX with ev(Σ) =: (γ1, γ2) ∈ PM
[2]. Equation (A.2) can be seen
as the analog of (A.1). The 2-morphisms between F1 and F2 are simply the morphisms
in Fun(M,A). On the other hand, we consider a 2-groupoid Z2M (A) [SW11, Definition
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2.12] whose objects are 2-forms ψ ∈ Ω2a(M). A 1-morphism from ψ1 to ψ2 is a 1-form
ω ∈ Ω1a(M) such that
ψ2 = ψ1 − dω, (A.3)
and a 2-morphism between ω1 and ω2 is simply a morphism in Z
1
M (A). By [SW11,
Theorem 2.21] and [SW, Lemma 4.1.2], the 2-functor
P∞2 : Z
2
M (A) // 2-Fun(M,A)
that sends 2-form ψ ∈ Ω2a(M) to the map
Gψ : BM // A : Σ
✤ // exp
(
−
∫
Σ
ψ
)
, (A.4)
and that is on 1-morphisms and 2-morphisms given by the functorP∞1 , is an isomorphism
between 2-groupoids.
All this is functorial in the manifold M : for a smooth map f : M // N one has
on one side the obvious pullback 2-functor f∗ : Z2N (A)
// Z2M (A), and on the other
side the 2-functor f∗ : 2-Fun(N,A) // 2-Fun(M,A) defined as the pre-composition
with the induced map Bf : BM // BN . The isomorphism P∞2 exchanges these two
2-functors with each other; in other words, P∞2 is an isomorphism between presheaves
of 2-groupoids over the category of smooth manifolds.
The generalized version we need in Section 5.2 is the following. All definitions
are literally valid for an arbitrary diffeological space X: the 2-groupoids Z2X(A) and
2-Fun(X,A), of the pullback 2-functors induced by smooth maps f : X // Y , and
the 2-functor P∞2 (we denote the generalized version by P2). Namely, on objects P2
is defined by an integral of the ordinary 2-form Σ∗ψ over [0, 1]2, while on 1-morphisms
and 2-morphisms, the functor P∞1 has already been generalized to a functor P1 in the
diffeological setup [Wal, Theorem B.2]. We claim:
Theorem A.1. For any diffeological space X, the 2-functor
P2 : Z
2
X(A) // 2-Fun(X,A)
is an isomorphism of 2-groupoids.
Proof. On 1-morphisms and 2-morphisms, it is an isomorphism because the functor
P1 is an isomorphism between groupoids [Wal, Theorem B.2]. On objects, an inverse is
easy to define. If an object G in 2-Fun(X,A) is given, one has for each plot c : U // X
a 2-form ψc ∈ Ω
2
a(U), obtained by applying the inverse of P
∞
2 to c
∗G. These 2-forms
define an object ψ = {ψc} in Z
2
X(A). It is straightforward to check that Gψ = G. 
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